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Abstract

Disentangling discrete jumps from continuous volatility in high-frequency data is challenging
during periods of extreme localized heteroskedasticity, where standard calendar-time jump tests
suffer from severe size distortion and power collapse (the self-masking effect). To address this, we
propose a universal time-deformed sampling framework that maps the heteroskedastic price process
into an approximately homoskedastic one using an endogenous business-time clock driven by noise-
robust, pre-averaged bipower variation. Theoretically, we derive the Pitman asymptotic relative
efficiency for four canonical jump tests, proving that business-time sampling yields a strictly larger
asymptotic signal than calendar-time sampling under contiguous alternatives when jumps coincide
with volatility bursts. Extensive Monte Carlo simulations confirm that this methodology robustly
maintains false positive rates at nominal levels and substantially recovers the true detectability of
jumps. Empirically, applying our framework to 1-minute S&P 500 index data around Federal Open
Market Committee announcements—benchmarked against the Monetary Policy Surprise index—
successfully filters out pervasive false alarms on anticipated days and isolates genuine discrete price
jumps on surprise days that traditional benchmarks systematically overlook.
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1 Introduction

Disentangling discrete jumps and continuous stochastic volatility in high-frequency stock returns
is critical, because these components carry distinct economic implications for return forecasting,
portfolio allocation, risk management, and derivative pricing. More specifically, Bollerslev and
Todorov, (2022) document that jumps generally have short-term predictive power, while volatil-
ity exhibits long-term predictive power in the return process. Ait-Sahalia, Cacho-Diaz, and Hurd
(2009) demonstrate that, in the presence of jumps, the optimal portfolio strategy requires control-
ling exposure to jump risk while exploiting differences in the Brownian risk of the asset returns in
the orthogonal space.

In particular, price jumps are most informative during periods of elevated volatility, as the
profound new information is typically accompanied by massive market uncertainty. However, it is
hard to verify the true informational content of these jumps empirically. For example, while Ait-
Sahalia, Li, and Li (2025) utilize machine-readable news from Thomson Reuters to connect news
releases with price jumps directly, they find that a substantial proportion of detected jumps remains
entirely unexplained by observable public news. High volatility periods impose additional difficulty
on the standard jump tests, which generally struggle with high levels of time-varying volatility,
especially around events like Federal Open Market Committee (FOMC) announcements and other
macroeconomic releases, the first minutes after market open, and on-the-hour spikes. These existing
jump test methods may mistake genuine jumps for volatility fluctuations (undermining power) or
flag every high-volatility price movement as a jump (distorting size). Consequently, it is challenging
to develop a detection procedure that remains reliable in the presence of intraday volatility spikes.

To address this challenge, we propose a novel jump detection approach based on time deforma-
tionﬁl. Instead of analyzing returns in chronological “calendar time”, we sample the price process
in an endogenous “business time”, driven by the quadratic variation of its continuous component.
This transformed sampling mechanism flattens the heteroskedastic variance process while preserv-
ing discontinuities induced by jumps. Exploiting this distinction, we construct a time-deformed
framework for jump tests that automatically adapts to intraday volatility fluctuations. We anchor
our theoretical and empirical evaluations on four canonical jump tests that form the cornerstone of
the literature: Barndorff-Nielsen and Shephard (2006), Lee and Mykland (2008), Jiang and Oomen
(2008), and Ait-Sahalia and Jacod (2009).

First, from a theoretical perspective, we establish the strict dominance of time-deformed jump
tests under extreme localized heteroskedasticity. Our primary econometric contribution is the
formal derivation of the Pitman asymptotic relative efficiency (ARE) for these testing frameworks.
We mathematically prove that, under sequences of contiguous alternatives where discrete jumps
coincide with continuous volatility bursts, the business-time sampling scheme yields a strictly larger
asymptotic signal than traditional calendar-time sampling. This ensures a theoretically superior

local asymptotic power, resolving the self-masking phenomenon at the asymptotic limit without

!See |Ané and Geman (2000) for more on time deformation and time change processes.



compromising the nominal size under the null hypothesis.

Second, to translate this asymptotic superiority into finite-sample reliability, we introduce a
novel micro-structural implementation and validate it through extensive simulations. By construct-
ing an endogenous business clock driven by a noise-robust, pre-averaged bipower variation (PBV)
and enforcing an in-sample dynamic thresholding mechanism, we perfectly stabilize the effective
sample size across trading days. Our Monte Carlo simulations confirm that this methodology sys-
tematically corrects the severe size distortions and power collapses inherent in the aforementioned
calendar-time tests, successfully recovering the true detectability of jumps within empirically rele-
vant macroeconomic shock regimes.

Third, we contribute to the empirical literature on the high-frequency identification of monetary
policy shocks. Utilizing 1-minute S&P 500 index data around FOMC announcements and bench-
marking against the Macroeconomic Surprise (MPS) index (Swanson, 2021; Bauer and Swanson,
2023), we confirm the real-world efficacy of our framework. On fully anticipated announcement
days characterized purely by continuous news noise, our methodology completely filters out the
pervasive false alarms generated by traditional tests. Conversely, on days with substantial pol-
icy surprises, our approach dismantles the empirical self-masking effect—mneutralizing the inflated
local variance denominator to successfully isolate genuine discrete price jumps that conventional
calendar-time benchmarks systematically overlook.

The remainder of our paper is organized as follows. Section E provides a preliminary description
of the jump test problem and the existing methods. Section E introduces time deformation of return
processes using realized volatility. Section H presents the simulation results using the proposed jump
detection methods. Section E applies the method to high-frequency market index data to test the

existence of jumps and investigates their informational role. Section B concludes.

1.1 Literature Review

Our study lies at the intersection of three strands of literature: high-frequency jump testing, time

deformation mechanisms, and the impact of macroeconomic announcements on asset pricing.

High-Frequency Jump Tests and Microstructure Noise. The econometric identification
of price jumps has bifurcated into global and local testing frameworks. Global tests exploit the
asymptotic divergence between realized variance and jump-robust bipower variation (Barndorff-
Nielsen and Shephard, 2006) or variance swap payoffs (Jiang and Oomen|, 2008). Localized tests
pinpoint discrete shocks by standardizing high-frequency returns with local volatility estimators
(Lee and Mykland, 2008) or relying on truncated realized variations (Ait-Sahalia and Jacod, 2009).
To address market microstructure noise at ultra-high frequencies, the pre-averaging approach (Ja-
cod et al), 2009; Podolskij and Vetten, 2009) has become the standard for robust inference, including
jump testing (Christensen, Oomen, and Podolskij, 2014).

However, these canonical tests predominantly rely on the asymptotic assumption of local ho-

moskedasticity. Their finite-sample performance degrades severely during the extreme, discontin-



uous volatility bursts typical of macroeconomic news arrivals. We contribute to this literature by
formally diagnosing the mechanics of this fragility—specifically, the simultaneous size distortion

and self-masking effect.

Time Change and Time Deformation. Time deformation generalizes subordinated processes
by relaxing the requirement of independent and stationary increments (see |Ané and Geman, 2000).
Early literature utilized volume (Clark, 1973) or the cumulative number of trades (Ané and Geman,
2000) as stochastic clocks to recover unconditional normality in asset returns, while Geman, Madan,
and Yor (2001)) modeled prices purely as time-changed jump processes.

Recently, [Li et al| (2026) explored endogenous sampling for jump detection, utilizing price du-
ration sampling (PDS) at the first exit times from a symmetric double barrier to capture jump
“overshoots”. We advance this literature from a complementary angle. Rather than developing
entirely new test statistics based on first-passage times, we construct a continuous variance-driven
business clock using pre-averaged bipower variation. This provides a universal, noise-robust sam-
pling correction that explicitly flattens local heteroskedasticity, thereby restoring the finite-sample
reliability of established tests (Barndorff-Nielsen and Shephard, 2006; Lee and Mykland, 2008; Jiang
and Oomen|, 2008; Ait-Sahalia and Jacod, 2009) without altering their asymptotic distributions.

Macro Announcements, FOMC, and High-Frequency Asset Pricing. Scheduled macroe-
conomic data releases constitute vital exogenous shocks to market microstructures. |Andersen et al.
(2003) document their instantaneous impact on ultra-high-frequency volatility, while Bernanke and
Kuttner (2005) measure equity market reactions to Federal Reserve policy surprises. Within the
FOMC announcement window, Lucca and Moench (2015) identify a pronounced pre-announcement
drift and unique variance clustering. Consequently, Nakamura and Steinsson (2018) emphasize the
necessity of high-frequency identification within narrow windows to extract pure monetary policy
shocks, the true magnitudes of which are captured by the Monetary Policy Surprise indices of
Swanson (2021) and Bauer and Swanson (2023).

We connect this macro-finance literature with high-frequency econometrics. Because FOMC
resolution days exhibit a complex microstructural duality—the simultaneous co-occurrence of con-
tinuous variance bursts and discrete jump shocks—traditional econometric tools face a systematic
blind spot. By deploying a business time clock to dismantle the resulting self-masking effect, we
equip the macro-finance community with a statistically robust instrument for the high-frequency

identification of monetary policy shocks.



2 Preliminaries of Jump Testing and Existing Methods

2.1 Jump Test Problem
Given a probability space (2, F,P) with filtration F = (F;) = {F; : t > 0}, let P(t) = In S(¢) be

the log-price modeled as an It6 semimartingale under [F:

AP(t) = u(t) dt + /V(£) dW () + J(£) dg(t), (2.1)

where p(t) is the instantaneous drift, V'(¢) is the instantaneous variance when there is no jump,
J(t) is a random variable representing jumps in the log-price, W (t) is an F-standard Brownian
motion, and ¢(t) is an F-counting process with finite instantaneous intensity A(t).

Hereafter, we focus on testing for the existence of jumps in [0, 1]. Define the quadratic sum of

the jump sizes in [0, 1] as

6:= > |P(t)—P(t-). (2.2)

te(0,1]

The null and alternative hypotheses of the jump test are:
Hy:60=0 (continuous paths), vs. Hj:60>0 (jumps present).
When considering this test problem, we usually observe equally spaced log-prices
yn, = P(iAy), i=0,1,2,..., N, (2.3)

where N is the number of intraday return intervals, and Ay := 1/N. In addition, we denote the

returns as

TN = YNi — YN,i-1, t=1,2,..., N, (2.4)

T N
and ry = (ry1,"N2, .-, TN N) € RY.

2.2 Existing Jump Test Methods

Here, we summarize four nonparametric tests for detecting jumps: (a) Barndorff-Nielsen and Shep-
hard (BNS) test (Barndorff-Nielsen and Shephard, 2006), (b) Lee and Mykland (LM) test (Lee and
Mykland, 2008), (c¢) Jiang and Oomen (JO) test (Jiang and Oomen, 2008), and (d) Ait-Sahalia
and Jacod (ASJ) test (Ait-Sahalia and Jacod, 2009). Each of these four tests exploits a different

feature of high-frequency returns.



BNS test. This test compares the bipower variation (BV) and the realized variance (RV) of the

log-price, which are respectively defined as

BVy =

b 3

N N N
N1 Z Irnillrai-il, RV = ZTJQVZ (2.5)
i—2

=1

The quantity 1 — BVy/RVy captures the relative contribution of jumps to the total variation.

Based on this, the BNS test statistic is constructed as

VN(1—-BVy/RVy)

TBNs,N = ; (2.6)
VIGr/2)2 + 7 — 5 max{1,QP v /BV% )
where
2 N2 X
QPy = TN _3 Z [rni-sllrvi—2llrni-1llra il
i—4

is the realized quadpower variation. Under the null hypothesis, Tgns,y is asymptotically standard
normally distributed, i.e., Thxs N N N(0,1) as N — oo. Hence, one can conduct a one-sided

upper-tailed test to detect the jumps.
LM test. This test is constructed by the maximum value of the absolute standardized returns
TLM,N,i:|TN,i‘/ VNJ', i=K,K+1,...,N,

where K > 0 is a pre-specified window length, and

i—1
-~ ™ 1 .
V= 2K 2 Z Irnllrn, -1l
J=i—(K-2)

is an estimate of the instantaneous variance by a realized bipower variation computed over a window

of K observations preceding the i-th sample. The LM test statistic is thus defined as

max;—g,. N ItmN,i — Cn
M

TimN = Sy

where

log ™ 4 loglog N 1
Cn :=+/2log N — , SN = ——w.
N ©8 2y/2log N N v2log N
Under the null hypothesis, Tim,n converges in distribution to a Gumbel distribution, i.e.,
Tim.N LN ¢ as N — oo where £ has a cumulative distribution function P(§ < x) = exp(— exp(—=x)).

Hence, one can conduct a one-sided upper-tailed test to detect the jumps.



JO Test. This test is motivated by the fact that a variance swap replication strategy exactly
replicates the integrated variance when asset prices follow a continuous diffusion process. In the
presence of jumps, however, the replication error becomes nonzero and is reflected in higher order
moments of the return process. Motivated by this fact, JO test considers the swap variance defined
by

N
SwVy = 22 [ (exp(rn;) — 1) —rnil-

Under the null hypothesis of no jumps, it can be shown that plimy_,. (SwVxy — RVy) = 0 with
RV y defined in (@), whereas in the presence of jumps the limit will be nonzero. Based on this

intuition, the JO test statistic is constructed as

s BVNN ( RVy
JO,N = ﬁ(ﬁ) SWVN )
SwV,N

where BV y and RV y are defined in (@), and

5o 5 N-5 5
SWV.N T o N 5 T Irvisnl-
i=1 k=0

Under the null hypothesis of no jumps, Tjo n N N(0,1) as N — oo. Thus, this statistic can

be used to conduct a two-tailed test for the presence of jumps.

ASJ Test. This test is based on the comparison of p-power variations over two different sampling

intervals:
[N/k]
A B(p, kAN)
S(p k. Ay) = DFAN) KAN) = 3wk -y ol 9.7
(p, k, An) B Ax) where B(p, kAN) 2 lyn ik — YN, (i— )kl (2.7)

Then the ASJ test statistic is

Tassv = (S3) 72 (S, b, An) = B7271), - with 3% A A (2.8)
y AN
Here
ALP/2 N
Alp, An) = D PN Ly d<a(an)+}
P =1

with constants o > 0 and w € (0,1/2), and

1 _ _ _
M(p, k) := p@p 2(1+ k)pap + kP2 (k — 1) — 27/ 1%},)
p



with pp, := E[|UP] and py,p := E[|U|P|U+ vk — 1V |P] for two independent variables U, V ~ N (0, 1).
Under the null hypothesis of no jumps, Tagy N a4, N(0,1) as N — co. Thus, this statistic can
be used to conduct a lower-tailed test for the presence of jumps.

3 Jump Test with Time Deformation

All the existing jump test methods described in Section @ directly use price data equally spaced
in calendar time. However, this sampling scheme can be highly inefficient when volatility varies
significantly intraday, such as during macroeconomic news announcements. These existing jump
test methods may mistake genuine jumps for volatility fluctuations, thereby undermining power, or
flag every high-volatility price movement as a jump, distorting size. Motivated by this, we propose

a time-changed resampling method to neutralize the effects of time-varying volatility levels.

3.1 Infeasible Tests and Asymptotic Theory

We first consider infeasible jump tests by assuming that the instantaneous variance process V(t)
in the log-price process (@) is known. We rewrite the log-price process P(t) as
t t t
P(t) = P(0) +/ p(u) du +/ V'V (u)dW (u) +/ J(u)dg(u).
0 0 0

Define the integrated variance (IV) of its continuous martingale part as

t
IV (#) = / V() du. (3.1)
0
Using this, we define the time-change clock, often referred to as “business time,”
T(s):=inf{t >0:1V(t) > s}, s=>0, (3.2)

which allows us to obtain the time-changed log-price:
T(s) - T(s)
Qs) 1= PT(s) = PO+ [ ) du+ W)+ [ I(w)dafu), (33

where W (s) := fOT(S) V'V (u) dW (u) is a standard Brownian motion by the Dambis-Dubins-Schwarz
Theorem (Revuz and You, 2013, Theorem V.1.6). Let AR =1V(1)/N. We then form the following

time-changed equally spaced returns:
R = Q(iA}])V) . Q((i . 1)A'§’V), i=1,2,...,N, (3.4)

which serve as inputs to the jump-testing methods described in Section @

By sampling in business time, the instantaneous variance of the transformed continuous process



is perfectly flattened. To formally evaluate the improvement this brings to jump detection, we rely
on the Pitman asymptotic relative efficiency (Van der Vaart, 2000, Section 14). Note that for
any consistent test, the power approaches 1 asymptotically under a fixed alternative hypothesis (i.e.,
a fixed quadratic jump variation 6 > 0). To yield a non-degenerate asymptotic power comparison,
we must evaluate the tests under a sequence of local alternatives.

Let (2, F,{Fi}t>0,P) be the filtered probability space. We formalize the sequence of local
alternatives Hy ny(v) by defining the log-price process as a sequence of semimartingales indexed by

the sample size N:

q(t)
PM#)=Pt)+ N> ¢, te[0,1], (3.5)
j=1

where P¢(t) = P(0) + fg p(u) du+ fg vV (u) dW (u) is the continuous underlying process, q(t) is a
finite counting process with fixed jump times 7 = {r,...,7,} C (0,1), and C; are non-zero random
variables bounded in probability. The parameter v > 0 dictates the shrinkage rate of the jump
magnitude. The exact value of v is tailored to the specific functional form of each test statistic to
ensure that its non-centrality parameter converges in probability to a strictly positive and finite
constant, thereby avoiding both degeneracy to zero and divergence to infinity.

Under such local alternative sequences, let my () and 7% (6) denote the power functions of a
given jump test based on calendar time and business time, respectively. Given a nominal size
a € (0,1) and a target power 8 € (0,1), define N, as the minimal number of calendar-time

observations required to satisfy:
7TN1) (0) < a, a‘nd Tva(eU) > B
Similarly, let N;D be the minimal number of business-time observations required such that:

W%b (0) <a, and W%b(HU) > .

v

The Pitman asymptotic relative efficiency of the test with time deformation compared to the
calendar-time baseline is defined as the limit of the ratio of these required sample sizes, lim,_,~, IV, /N]j‘.
A ratio strictly greater than 1 indicates that time deformation is asymptotically more efficient.

The following theorems establish the theoretical superiority of time deformation across the

various global and local jump tests. All proofs are deferred to Appendix @

Theorem 1 (Pitman Efficiency of BNS Test). Under a sequence of local alternatives Hy n where
the jump sizes shrink at the rate of O(N_1/4), the BNS test based on the time-changed samples

is asymptotically more efficient than that based on calendar time samples. The Pitman relative



efficiency is given by:

1 2
V(t)*dt
lim % = IOI()Q > 1. (3.6)
v (jo V(t) dt)

Theorem m demonstrates that the asymptotic variance of the BNS test under calendar time is
driven by the integral of squared volatility. Time deformation transforms this noise term into the
square of the integrated volatility, strictly minimizing the variance denominator via the Cauchy-

Schwarz inequality.

Theorem 2 (Pitman Efficiency of JO Test). Under a sequence of local alternatives Hy n where
the jump sizes shrink at the rate of O(N*I/?’), the JO test based on the time-changed samples

1s asymptotically more efficient than that based on calendar time samples, with Pitman relative
efficiency:

1 3
V(t)> di
lim Ny = M > 1. (3.7)

v Ny (fol V(t) dt)3

The JO test normalizes the swap variance using the sixth moment of returns, which essentially
estimates the cubic integral of variance. Volatility spikes disproportionately inflate this cubic term
under calendar time. As established by Holder’s inequality, time deformation perfectly hedges

against this nonlinear penalty.

Theorem 3 (Pitman Efficiency of ASJ Test). Assumep > 2. Under a sequence of local alternatives
Hi N where the jump sizes shrink at the rate of O(N_(p_l)/(2p)), the ASJ test based on the time-
changed samples is asymptotically more efficient than that based on calendar time samples, with

Pitman relative efficiency:

LN [Lv(tpdt
V300 b 2 =
—oo Ny ( IR4OLE dt)

(3.8)

Unlike the global tests discussed above, the LM test identifies jumps by focusing on local extreme
values. Therefore, we evaluate its improvement utilizing local asymptotic power rather than Pitman

efficiency.

Theorem 4 (Local Asymptotic Power of LM Test). Suppose a jump of size J occurs at time
T € [0,1]. If the jump coincides with a high-volatility event window such that V(1) > fol V(t)dt,
then the LM test based on time-deformed samples yields a strictly higher local signal-to-noise ratio

than the calendar time test, thereby achieving higher local asymptotic power.

During volatility spikes (e.g., scheduled macroeconomic announcements), the local variance
estimator under calendar time absorbs the true jump signal, leading to severe power degradation.

Time deformation effectively mitigates this by smoothing the variance denominator.



3.2 Feasible Tests and Microstructure Noise

To obtain feasible jump tests based on the results in Section @, we must estimate the integrated
variance process in (@) and resample the log-prices (@) accordingly. However, at ultra-high
frequencies, true returns are obscured by market microstructure noise, which can severely distort
standard variance estimators.

To address this noise, particularly during volatile periods like FOMC announcements, we employ
the pre-averaging approach introduced by Jacod et al. (2009). Instead of using the raw returns ry ;,
we construct pre-averaged returns over a local rolling window. Let Ky be the pre-averaging window
size, chosen such that Ky = |#v/N| for a tuning parameter § > 0. We utilize the standard tent
weight function g(z) = min(z,1 — z) for « € [0,1]. The pre-averaged return at index ¢ is defined

as:

Ky-1 j
FN,Z': Z g([{]\[)T’NﬂH_j, 22071,7N—KN

The pre-averaging operation essentially acts as a local smoothing filter that averages out the
zero-mean microstructure noise. To estimate the local continuous variance V] needed to construct
our business time clock T'(s), we apply the Pre-averaged Bipower Variation (PBV) estimator de-
veloped by Podolskij and Vetter (2009). Over a local block of length L, the noise-and-jump-robust

local variance estimator is given by:

o atLo
Vi — r r 3.9
j 2L K kz:; |TN,k’|TN,k+KN|) ( )

where the scaling factor 19 = 1/12 compensates for the variance reduction caused by the smoothing
kernel. Notably, by multiplying non-overlapping pre-averaged returns (separated by Ky lags), the
microstructure noise terms become asymptotically independent. This eliminates the need for an
additive bias correction term, ensuring that Vj strictly reflects the fundamental continuous volatility.

Using this robust local variance Vj, we can now define our resampling procedure. We select
a local variance window Ktp (where L = Ktp — 2) and a business time scaling factor f;. The

detailed procedure is outlined in Algorithm m

10



Algorithm 1 Feasible Time Deformation Resampling (Threshold Method)

Require: Log-prices yn,; (for i =0,...,N), local variance window Krp, scaling factor fs.
Ensure: Time-deformed log-prices ;.

Step 1: Estimate Local Variance and Integrated Variance (IV):

Compute pre-averaged returns 7y, and robust local variance ‘A/j using the PBV estimator in Eq.

(B.9).

Compute cumulative IV: IV < Z{c:l Vi

Step 2: Set Business Time Threshold:
ATV ihresh mean(f/j>1) X fs

Step 3: Identify Resampling Indices:
Compute absolute ticks: Tj < [IV;/AIVinresh |
Find set of unique indices {j;} such that T}, > T},

Step 4: Map Indices and Output:
Map to original indices: i; < j; + Ktp — 1

Output resampled prices: 7; <= yn 4,

4 Simulation Results

In this section, we assess the finite-sample performance of the time-deformed jump tests via ex-
tensive Monte Carlo simulations. Specifically, we document the size and power distortions of
conventional calendar-time tests under extreme local heteroskedasticity, and demonstrate how the

business-time transformation restores the statistical reliability of these tests.

4.1 Details on Data Simulation

We generate paths of the log-price process in (El]) over t € [0,1] with u(¢) = 0. To model an interval
of elevated volatility (i.e., the event window replicating the macroeconomic announcements), we

use the following two volatility schedules:

1. Without event window: o(t) = o] for all t € [0, 1], and

2. With event window:

o,  te[0,t1)U [t 1],
ot)=4" 0,81) Ulta, 1 (4.1)
c-oy, te [t ta),

where 0 < t1 < to < 1 mark the start and end of the event window, o; > 0 is the baseline

volatility, and ¢ > 1 scales the continuous volatility during the event.

11



We embed o(t) in (@) in two standard variance specifications:
1. Black-Scholes Model (Black and Scholed, 1973): V() = o(¢)?, and

2. Heston Model (Heston, 1993):
dV(t) = klo(t)? = V(1) dt + e\/V () AWy (t), (AW, dWy) = pdt, V(0) =of.  (4.2)

Here k is the mean-reversion rate, ¢ the volatility of variance, and p the correlation between

asset and variance shocks. Under the Feller condition 2rk0? > €2, V/(t) stays strictly positive.

In the following simulation, we set the initial log-price P(0) = In(100), baseline volatility o] =
0.2, the event window [t1,%2] = [0.4,0.6]. For the Heston model, we further set x = 20, ¢ = 0.43
and p = —0.5. For the models with a jump, we further set t* = 0.5 and p; = 0.1. We simulate the
log-price process (@) in a trading day (6.5 hours) with 1-minute sampling interval, i.e., 391 data
points per day including the open and close prices. Figure m shows examples of the log-price and
variance paths of Heston models with and without jumps and event windows, and we also show
the paths of Black-Scholes models in Appendix .

480 — Pi) — P()
4.6 \ L o>
4751 vio /\[\ v
4.70 A \ Lo1s
s =451 Vo R\ :
T 4.651 [ \
4.60 - \ I
450 V\/\/ LA
O.IO 0:2 0.‘4 0.‘6 0.‘8 1.‘0 0.0 0.2 0.4 0.6 0.8 1.0
t t
(a) Without event window, without jump. ) With event window, without jump.

— P(t)
- VI(t)

4.7 — P(t)
v(e) Fo.20
4.6
— 4.5 [\\ [

4.4 4

P(t

= /\'\/ 4.2 4
0.0 0.2 0.4 0.6 0.8 10 Y 02 04
t t
(¢) Without event window, with jump. (d) With event window, with jump.

Figure 1: Examples of the log-price and variance paths of Heston models with and without jumps
and event windows.

4.2 Finite Sample Properties

To evaluate the statistical properties of the jump tests, we simulate the price processes under the
aforementioned specifications. We then apply the BNS, LM, JO, and ASJ tests described in Section

12



@ to the resulting paths, contrasting calendar-time sampling against the proposed business-time
deformation.

First, we examine the distribution of the test statistics under the null hypothesis (no jumps)
across 10,000 replications. As a vital baseline check, when no event window is present, both
calendar-time and business-time statistics closely approximate their theoretical limits (the complete
baseline QQ-plots are provided in Appendix E) However, as Figure E illustrates for the event
window scenarios, the distributions of the calendar-time LM and ASJ statistics exhibit substantial
deviations from their theoretical limits. This confirms that volatility bursts fundamentally disrupt
the asymptotic properties of local test statistics under calendar time, whereas time deformation

successfully restores them.

=
S
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Empirical c;lantiles
Empirical quantiles
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o N & o o

|
N

!
&
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(a) BNS test. (b) LM test. (c) JO test. (d) ASJ test.

Figure 2: QQ-plots of the test statistics of BNS, LM, JO, and ASJ jump tests in calendar time
(CT) and business time (BT) under the Heston model with event windows.

Next, Table m reports the empirical rejection rates of BNS, LM, JO, and ASJ jump tests with
and without time deformation with the price process of Black-Scholes and Heston models with and
without jumps and event windows. In the absence of an event window (Panel A), the empirical
sizes of all tests are comparable under both sampling schemes. However, the true advantage of time
deformation emerges during periods of local volatility spikes (Panel B).

First, under calendar time, the continuous variance bursts are frequently misclassified as discon-
tinuous jumps, leading to significant over-rejection (e.g., the LM size distorts to 0.527). Applying
the business-time clock effectively flattens this heteroskedasticity, anchoring the false positive rates
close to the nominal level.

Second, calendar-time tests suffer from severe self-masking in the alternative hypothesis. When
a true jump coincides with a volatility burst, the inflated local variance estimator obscures the jump
signal, causing the power of the CT-based BNS test to collapse from 0.329 to 0.145. The business-
time framework mitigates this masking effect by isolating the continuous variance component,

consistently recovering the statistical power across all test methods.
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Table 1: The empirical rejection rates of BNS, LM, JO, and ASJ jump tests with and without
time deformation under the Black-Scholes and Heston models with and without jumps and event
windows.

Calendar Time Business Time

BNS LM JO ASJ BNS LM JO  ASJ

Panel A: Without Event Window

Black-Scholes 0.064 0.260 0.092 0.079 0.054 0.242 0.087 0.071
Black-Scholes + jump 0.329 0.829 0.592 0.277 0.340 0.865 0.609 0.272
Heston 0.067 0.327 0.106 0.097 0.051 0.243 0.077 0.075
Heston + jump 0.358 0.851 0.538 0.277 0.359 0.867 0.622 0.265
Panel B: With FEvent Window

Black-Scholes 0.084 0.527 0.156 0.191 0.051 0.246 0.086 0.068
Black-Scholes + jump 0.145 0.692 0.288 0.280 0.192 0.624 0.324 0.164
Heston 0.072 0.493 0.132 0.172 0.048 0.242 0.082 0.072
Heston + jump 0.154 0.724 0.271 0.265 0.198 0.634 0.324 0.166

Finally, we examine the sensitivity of the tests to the magnitude of the volatility burst. Figure E
plots the empirical rejection rates for ¢ € [1,10] under the event window scenario, arranged in a two-
by-two panel reflecting deterministic versus stochastic baseline volatility (Black-Scholes/Merton vs.
Heston/Bates).

First, Figures @@ illustrate the size robustness. As the volatility multiplier ¢ increases, the
calendar-time LM test (solid orange line) exhibits a catastrophic spurious rejection, with false
positive rates soaring toward 100%. In stark contrast, the business-time transformation effectively
neutralizes this distortion. For global tests (BNS, JO, ASJ), the BT mechanism perfectly preserves
the 5% nominal size. For the local LM test, BT completely suppresses the spurious explosion in the
Black-Scholes model and significantly mitigates it to a bounded level (nearly 20%) in the Heston
model. The residual mild size distortion in the BT-LM test under extreme ¢ (e.g., ¢ > 5) is an
expected artifact of the adaptation lag at the exact boundaries of the volatility jump, reflecting the

fundamental sensitivity of supremum-based statistics.
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Figure 3: Sensitivity of empirical rejection rates to the volatility scale ¢ under the event window

scenario.

Second, Figures @—@ reveal the true detectability of jumps (Honest Power). Under calendar
time, as ¢ increases, the power of all tests decays precipitously toward zero, graphically charac-
terizing the severe self-masking effect. The business-time framework provides substantial power
recovery within the empirically relevant regime of macroeconomic shocks (¢ € [2,5]), strictly main-
taining higher true positive rates. However, as ¢ — 10, the power of the BT tests also inevitably
declines. Rather than a failure of the method, this reflects a physical limit of non-parametric jump

detection: as the total integrated continuous variance inflates astronomically, the global signal-to-
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noise ratio (SNR) of a fixed-size discrete jump vanishes. By maintaining a strict control over the
size, the BT tests honestly report this mathematical limit, whereas CT tests often mask it through

spurious false positives.

5 Empirical Study

In this section, we evaluate the empirical performance of the proposed time-deformed jump tests
using high-frequency equity index data around Federal Open Market Committee (FOMC) an-
nouncement days. By exploiting real-world macroeconomic shocks, we benchmark the business-time

methodology against conventional calendar-time tests.

5.1 Data Description and Event Classification

We utilize 1-minute frequency data for the S&P 500 index spanning from July 1, 2021, to Decem-
ber 31, 2023. This sample period contains 21 scheduled FOMC meetings, with announcements
consistently released at 14:00 Eastern Time (ET).

To disentangle continuous volatility bursts from genuine discrete information shocks, we em-
ploy the Swanson Monetary Policy Surprise (MPS) index (Swanson, 2021; Bauer and Swanson,
2023). The MPS index provides a quantitative measure of the unanticipated component of FOMC

announcements. We partition our event days into two distinct regimes:

1. Huge Surprise Meetings (|]MPS| > 0.08): Announcements containing substantial unantic-
ipated policy shifts (e.g., June 15, 2022). These periods are theoretically expected to induce

genuine discrete price jumps alongside elevated volatility.

2. Expected Meetings (]MPS| < 0.02): Announcements perfectly anticipated by the market
(e.g., July 28, 2021). These periods typically exhibit transient continuous volatility bursts

due to news processing noise, but lack fundamental discrete jumps.

This classification allows us to empirically disentangle test power (detecting true jumps on surprise

days) from test size (avoiding false alarms on expected days).

5.2 Microstructural Sampling Dynamics

Before examining the aggregate test statistics, we illustrate the mechanics of time deformation at
the microstructural level. Figure H contrasts the sampling density of the calendar-time (CT) and
business-time (BT) clocks during the FOMC release day. The BT clock is dynamically calibrated

using a 10-day rolling historical threshold of the daily integrated variance.
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Figure 4: Micro-structural sampling dynamics of the S&P 500 index.

The visual evidence starkly demonstrates the adaptiveness of the BT algorithm. On expected
meeting days (bottom panel), the algorithm automatically accelerates sampling during the 14:00
ET announcement noise and toward the market close (capturing the classic U-shaped volatility
driven by market-on-close orders). On huge surprise days (top panel), the algorithm profoundly
intensifies the sampling density immediately following the shock. By slicing the severe price swings
into smaller, equiprobable variance increments, the BT clock physically flattens the extreme local
heteroskedasticity, rendering the transformed return process closer to a homoskedastic Brownian

motion.

5.3 Empirical Size and Power Analysis

Rather than relying solely on aggregate statistics, we present the full microstructural detection
outcomes alongside their marginal distributions. Figure H provides a comprehensive detection
matrix for the partitioned FOMC events. The top panels detail the binary outcomes (1 for jump, 0
for continuous path) across specific dates, ensuring full empirical transparency. The bottom panels
report the corresponding aggregated detection frequencies at the 5% nominal significance level,

which directly proxy for the test power (Panel A) and test size (Panel B), respectively.
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Figure 5: Empirical jump detection matrix and aggregated frequencies around FOMC announce-
ments.

First, Panel A of Figure E assesses the true positive rates during Huge Surprise Meetings.
The data forcefully corroborates the self-masking phenomenon. Despite the presence of profound
macroeconomic shocks (e.g., June 15, 2022), the CT-based global tests (BNS, JO, ASJ) fail to
detect jumps in the majority of cases, yielding a meager 33% hit rate. The intense continuous
variance surge fundamentally obscures the discrete signal. The BT framework successfully breaks
this masking effect: by neutralizing the variance denominator, the BT-based BNS and JO tests
achieve a 100% empirical detection rate, systematically filling the “blind spots” left by the CT
approach and successfully isolating the true discrete jumps from the surrounding noise storm.

In addition, Panel B of Figure H evaluates the false positive rates during Expected Meetings,
where no fundamental jumps should exist. Consistent with our simulation results, the CT frame-
work suffers from severe size distortion. The local LM test, highly sensitive to boundary bursts,
flags false jumps in over 81% of the expected days. The event-level heatmap reveals that these false
alarms are pervasive across almost all non-surprise dates. In sharp contrast, the time-deformed BT
tests robustly suppress these volatility-induced false alarms, clearing the heatmap and reducing the

aggregate empirical rejection rate to 0.00% across all specifications.
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6 Conclusion

This paper develops a time-deformed testing framework to address the statistical failure of con-
ventional non-parametric jump tests in the presence of extreme local heteroskedasticity. Standard
calendar-time tests inherently rely on the asymptotic assumption of locally constant variance. We
document that when this assumption is severely violated—such as during the transient continuous
volatility bursts typical of macroeconomic announcements—calendar-time tests suffer from simul-
taneous size distortions and self-masking effects. Consequently, continuous price variations are
spuriously misclassified as jumps, while true discrete shocks are systematically obscured by inflated
local variance estimators in the test denominators.

To restore the asymptotic validity of these test statistics, we introduce an endogenous business-
time clock constructed from a noise-robust, pre-averaged bipower variation (PBV) measure. This
transformation dynamically adjusts the sampling intervals, effectively mapping the heteroskedastic
price process into an approximately homoskedastic framework. Theoretically, we establish the
Pitman asymptotic relative efficiency of the proposed methodology. We prove that business-time
sampling yields strictly superior local asymptotic power against sequences of contiguous alternatives
when discrete jumps coincide with volatility clusters.

Extensive Monte Carlo simulations and high-frequency empirical applications to the S&P 500
index around FOMC announcements corroborate our theoretical findings. By accelerating the
sampling density during event-induced volatility spikes, the business clock maintains the empirical
false positive rates precisely at their nominal levels. More importantly, it isolates the discrete jump
component from the surrounding continuous variance surge, recovering genuine macroeconomic
surprises that calendar-time benchmarks consistently fail to detect.

Ultimately, by providing a robust separation of continuous and discontinuous asset price dynam-
ics under extreme microstructural stress, this time-deformed methodology offers a rigorous econo-
metric foundation for future research in price discovery, volatility forecasting, and high-frequency

event studies.
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A Proofs

A.1 Proof of Theorem El

Let the sequence of local alternatives be Hy n(y) with v = 1/4, such that the jump magnitudes

/4, Define the index set of intervals containing jumps as Iy = {i € {1,...,N} :

are scaled by N~
(1t —1)Anx < 7; < iAn for some 7; € T}. Since ¢(1) is finite, the cardinality |Zn| = ¢ is almost
surely bounded.

For i ¢ I, the return is solely continuous: ry,; = TN ™~ Op(N_l/Q). For ¢ € Ty, corresponding
to jump 7;, the return is ry;, = T?V,ij + CjN_1/4.

We first analyze the realized variance, RV y. Decomposing the sum over the index sets:

RVy = Z (rii)? + Z (rfv,ij + CjN_1/4>2

i¢IN i€ELN

q
=RV + D (CINT2 g oY
7=1

Multiplying the difference by v/ N isolates the jump contribution:

Since "N, = O,(N~Y/2), the cross-term is N'/40,(N~1/2) = O,(N~1/4) = 0,(1). Thus, vV'N(RV y—
RVS) & Y1, C? := dpns.

Next, we examine the bipower variation, BV . The presence of a shrinking jump affects the
adjacent cross-products. For i; € Iy, the relevant terms are |ry; —1|/rn;| and |7y |7 +1l-
Assuming jumps occur in non-adjacent intervals (as N — 00), we have |[ry;+1| = O,(N~1/2)
and [ry;;| = Op(N~1/4). Their product is O,(N~3/%). Scaled by v/N, the contribution is v/N -
O,(N=3/%) = O,(N~1/4) = 0,(1). Thus, vV N(BVy — BV%) & 0

Under calendar time sampling, by the stable convergence in law for continuous semimartingales,

the standardized statistic shifts by a deterministic non-centrality parameter:

)
TeNs,N Y Chly 1
\/ 772 fol V(t)2 dt
yielding an efficacy epns = 63xg/ (7 fo )2dt), where n? = (7/2)? + 1 — 5.

Under time deformation, the mtegrated variance grows linearly, flattening the volatility to a

constant. The asymptotic variance converges to 7> ( fo dt) . Following an identical derivation,

2
the efficacy under business time is ey = 03xg/ <?72 (fo V(t) dt) )

22



The Pitman relative efficiency is the ratio of these efficacies:

Applying the Cauchy-Schwarz inequality, ( fo dt) fo 2dt. Since V(t) > 0 almost

surely, the ratio is strictly greater than 1 for any non-constant volatlhty process.

A.2 Proof of Theorem

The JO test compares Swap Variance (SwVy) and Realized Variance (RVy). Let the sequence
of local alternatives be H; ny(y) with v = 1/3. This specific shrinkage rate is required because
the test statistic scales the difference by N, and the leading Taylor expansion term for f(x) =
2(exp(z) — 1 — ) — 2% is 23 /3 + O(z*).

For an interval i ¢ Zy, the contribution to the numerator is f(rf ;) = Op(N —3/2), Summing
over these continuous intervals yields ;7 f(ry ;) = N-Op(N —3/2) = 0,(N~'/2). For an interval
ij € Iy, the return is ry;; = T‘?V’Z-j +C;N —1/3_ Applying the Taylor expansion:

1 _ 3 3
flrag;) = 3 (va,ij +C;N 1/3) + O,(N~4/3)
1
= ng{%N—l + CJZN—2/3OP(N—1/2) + CjN_1/3Op(N_1) + Op(N_3/2).

The leading term is %C’;’N ~1 and the largest cross-term is O,(N =7/ 6). Summing over all ¢ jumps
and multiplying by the scale factor NV:

N q
NZ TN) NZf +NZf(7“N,ij)* (N2) + ZCBJFOp
i=1 eIy j=1

Since the JO test centers the statistic by its continuous counterpart, the shift solely due to jumps

converges in probability:

1 q
N(SwVx — RV )jumps — 3 > C? =60
j=1

Under calendar time, the asymptotic variance estimator satisfies IV QS VN c fo (t)3 dt,

where c is a gener1c constant. The standardized JO test statistic shifts by e Jé , y1eld1ng the efﬁcacy

eso = o/ ( fo 3dt>
Under time deformation, the integrated variance over the business clock simplifies the cubic

integral to the cube of the integrated variance: QS v N ( fo dt) . The efficacy under

business time is €5, = 625/ (c <f0 V(t) dt) )
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The Pitman relative efficiency is:

By Holder’s inequality, < fo dt) < fol V (t)3 dt, ensuring the ratio is strictly greater than 1 for

time-varying volatility.

A.3 Proof of Theorem E

For the ASJ test, the test statistic relies on the ratio of p-power variations. Thus, we must define
a tailored sequence of local alternatives H ﬁ]S\,J where the size of the j-th jump shrinks at the rate
of N=(=1/() je. Jj = ch_(p_l)/(2p) for some constant c;. This specific rate ensures a non-
degenerate asymptotic distribution for the test statistic.

The ASJ test utilizes the un-truncated p-power variation B(p,Ay) = Zf;l |rni|P. Under
HiA]S\;], we can decompose this into the continuous and jump contributions. The continuous part
satisfies B¢(p, Ayn) =~ Ap/2 ! Pfo tyP/2dt = NP2y, fol V(t)?/2dt. The jump contribution is

dominated by the sum of the p-th powers of the jumps:

J(p, AN) & Z’J P = Z|c PN-(P=1/2 = Nl/pr/2Z|cj’p_

J

The test compares the ratio S(p, k, Ax) = B(p, kAn)/B(p, Ay). Because Bj(kAyx) ~ Bj(An) ~
> y |J;|P, the presence of shrinking jumps shifts the ratio away from its probability limit under the
null, k7/2-1, Using a first-order Taylor expansion, the shift is:

B¢(p,kAn) + By B°(p,kAn)
Bc(paAN)+BJ Bc(p7AN)

~ B] <1 B Bc(p7 kAN)) ~ BJ (1 _ k}p/Q_l).
Bc(p7 AN) Bc(p7 AN) Bc(pa AN)

S — kP12

Since the ratio By/B¢(p, Ay) is of order NV/2-P/2/N1-P/2 — N—1/2 multiplying by v/N yields a

constant shift:

.|P
VRG-wey s O ey g
Mpfo (t)e/2 dt

Under calendar time sampling, the asymptotic variance Z?\, of the ASJ test statistic normalizes
2
this ratio. As shown by Ait-Sahalia and Jacod (2009), N¥3, & $2 fol V(t)Pdt/ <f01 V(t)r/? dt) .

Thus, the standardized test statistic shifts by the non-centrality parameter 62/82 3, where the efficacy
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is:

Gy (Sile) (Rvepra)’  (S,lel)

ASJ _ '
> (fol V() dt)2 Jyvtradt Jo V(g at

€AS] =

Under time deformation, the effective volatility over the business time clock is flattened to a
P
constant. Consequently, fol V (t)P dt reduces to ( fol V(t) dt) . The efficacy under business time is:

(5l
<f01 V(1) dt)p‘

The Pitman relative efficiency is the ratio of these efficacies:

€AS] X

i Ve _ sy _ Jo VPt
vooo NP easy ( v ) dt)p

By Jensen’s inequality for p > 2:

</01 V) dt)p < /01 VP dt.

Thus, the efficiency ratio is strictly greater than 1 for any time-varying volatility process.

A.4 Proof of Theorem @

The LM test statistic relies on the maximum of absolute standardized returns. We evaluate the
local signal size at a fixed jump time 7 € (0,1) with a fixed jump magnitude C' # 0. Let i, be the
interval containing the jump.

Under calendar time, the standardized return at i, is TLM, N, = [N, |/ ‘A/Nyif. As N — oo,
the unstandardized return converges to the jump size, ry;, 2, C. The local variance estimator
‘A/NJ-T is constructed using a pre-specified window of length K strictly preceding i-. Thus, it utilizes
solely the continuous component r¢. By the law of large numbers for multipower variation, the

scaled local variance converges in probability to the instantaneous variance at 7:

NVni B V(7).

To analyze the asymptotic local signal size, we scale the test statistic by N1/

—1/27 TN,i C
N 1/2TLM,N7Z’7—: |N71T| £> | | ‘= Ocal-

NGl
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Under time deformation, the price process is sampled according to the business time clock 7'(s).
The return containing the jump interval under business time, denoted F'f\, i, similarly converges to
the jump size, f‘f\, i 2, C. However, the variance estimator over the business time grid converges

to the uniform step size proportional to the overall integrated variance:
R 1
JATAS / V(t)dt.
0

The scaled local signal size under business time is therefore:

C]
VI V() de

Comparing the precise probability limits of the two signals:

—1/27b P ,
N7 TN, = := Shus-

Shus Vi(r)

St \[ LVt
By assumption, the jump coincides with a high-volatility event window such that the instantaneous
volatility exceeds the daily average, V(1) > fol V(t) dt. This implies Sphys > Scal-
Because the critical threshold sequences Cy and Sy of the LM test depend strictly on N and
are identical across both sampling schemes, the strictly larger asymptotic signal Sp,s crosses the
rejection threshold with a higher probability. Thus, time deformation robustly improves the local

asymptotic power during volatility spikes.

B Additional Simulation Results

Price and Variance Paths. Figure E illustrates the simulated log-price and variance trajectories
for the Black-Scholes model (and the corresponding Merton jump-diffusion model), contrasting

baseline scenarios against those with localized macroeconomic event windows.
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Figure 6: Examples of the log-price and variance paths of Black-Scholes models with and without
jumps and event windows.

QQ-Plots of the Test Statistics. Figures B and E display the QQ-plots of the BNS, LM, JO,
and ASJ test statistics under both calendar-time (CT) and business-time (BT) sampling for the
Heston and Black-Scholes models in the baseline scenarios (without event windows). Furthermore,
Figure E presents the corresponding QQ-plots for the Black-Scholes model under the extreme event
window scenario.

In the absence of localized volatility bursts, the empirical distributions of the test statistics
under both CT and BT sampling align closely with their theoretical asymptotic limits, except for
the LM test. However, the introduction of an event window severely distorts the CT test statistics,
manifesting as significant deviations in the right tails. The BT transformation effectively mitigates
these distortions, mapping the empirical distributions back toward their theoretical limits.

We note a residual finite-sample deviation in the LM test across all scenarios, which is a well-
documented artifact stemming from the estimation error of the local variance in finite samples;
nonetheless, the BT sampling still consistently provides a visibly superior approximation to the

theoretical distribution compared to the CT baseline.
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Figure 7: QQ-plots of the test statistics of BNS, LM, JO, and ASJ jump tests in calendar time
(CT) and business time (BT) under the Heston model without event windows.
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Figure 8: QQ-plots of the test statistics of BNS, LM, JO, and ASJ jump tests in calendar time
(CT) and business time (BT) under the Black-Scholes model without event windows.
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Figure 9: QQ-plots of the test statistics of BNS, LM, JO, and ASJ jump tests in calendar time
(CT) and business time (BT) under the Black-Scholes model with event windows.
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