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Abstract

We study optimal contracting for innovation projects involving an initial exploration stage
followed by subsequent exploitation, integrating the experimentation literature with dynamic
corporate finance. The shape of the exploitation payoff frontier — not just its level — determines
the optimal exploration contract and the duration of experimentation. When the exploitation
stage involves moral hazard and limited liability, the principal’s payoff is inverted-U shaped in the
agent’s continuation utility. In particular, the agent’s incentive constraints may be slack during
the exploration stage, which affects compensation dynamics and can reduce inefficiencies from
under-experimentation. Applications to corporate governance and innovation subsidy design

yield sharp policy prescriptions.

1 Introduction

How should investors contract with entrepreneurs over the full lifecycle of an innovation project —
from early-stage experimentation through commercial-scale deployment? This question is central
to the design of venture capital agreements, R&D partnerships, and public innovation policy. We
study it in a dynamic moral hazard model that integrates two canonical literatures: the experi-
mentation literature, which characterizes incentives during exploration, and the dynamic corporate
finance literature, which characterizes optimal contracts during exploitation. Our analysis reveals
that the payoff structure of the exploitation stage — not just its expected level, but its shape —
fundamentally alters the optimal contract for exploration, the duration of experimentation, and

the design of innovation subsidies.
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Concretely, we consider a continuous-time contracting model of a multistage project that involves an
initial exploration stage, an intermediate breakthrough, and a subsequent exploitation stage. The
exploration stage is modeled as an exponential bandit problem. A deep-pocketed principal hires a
financially constrained agent protected by limited liability. Both players are ex-ante symmetrically
uncertain about the profitability of the project, which may be good or bad. To maintain tractability,
we impose the standard assumption that a bad project can never succeed, so that success perfectly
reveals that the project is good (Bergemann and Hegel, 1998, 2005} Keller, Rady, and Cripps, [2005;
Horner and Samuelson), 2013; |[Halac, Kartik, and Liu, 2016). The principal incurs an operational
flow cost to keep the project running. The agent can exert effort, which increases the instantaneous
success rate of the project. Effort is costly to the agent and is unobservable to the principal. Thus,
deviations by the agent can lead to differences in beliefs between the two players. Success is publicly
observed. If the project succeeds, it achieves a breakthrough, and the relationship transitions into

the exploitation stage.

The key takeaway of our model is that the shape of the exploitation value function (i.e., the
principal’s maximum exploitation profit that delivers a certain level of exploitation utility to the
agent) has important implications for the division of surplus between the players in the exploration
stage and the optimal contract design. To highlight these effects and capture both the prior
literature on exponential bandits and a large literature in dynamic corporate finance, we consider

two cases regarding the shape of the exploitation value function:

Case 1) Downward-Sloping Exploitation Value Function

Suppose the breakthrough generates a fixed reward, and the production technology yields no addi-
tional value afterward. Then, the two players split the fixed reward upon success, so the principal’s
exploitation value function must be affine and strictly decreasing in the agent’s exploitation utility,
as illustrated in Figure [I}(a). This specification of the exploitation value function is in line with
the one considered in the prior literature on contracting with exponential bandits (Bergemann and
Hege, 1998, 12005; [Horner and Samuelson, 2013; Halac et al., [2016)).

Case 2) Inverted-U Shaped Exploitation Value Function

We will mostly focus on the case when the principal’s exploitation value function is inverted U-
shaped as in Figure (b) This specification for the shape of the principal’s exploitation value
function endogenously arises in several canonical models in the dynamic contracting literature
(Quadrini, [2004; |Clementi and Hopenhaynl |2006; [DeMarzo and Sannikov, 2006; DeMarzo and
Fishman| 2007alb; [Vereshchagina and Hopenhaynl, [2009; |DeMarzo, Fishman, He, and Wang| [2012;
Fuchs, Green, and Levinel, 2022)E]

The distinction between these two shapes has a concrete economic interpretation. When the ex-

ploitation stage is frictionless — for instance, when project success delivers a fixed cash payment

!See [Horner| (2013) for a clear exposition on why the principal’s value function takes this form in many dynamic
contracting environments with the limited liability constraint.
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Figure 1: Exploitation Payoff Sets

that is simply divided between the parties — the principal’s exploitation profit falls one-for-one
with any rent promised to the agent, yielding a downward-sloping value function. By contrast,
when the exploitation stage itself involves a moral hazard problem, as in a startup that requires the
entrepreneur’s continued effort to scale, the principal may actually benefit from promising the en-
trepreneur a larger stake: a higher equity share strengthens the entrepreneur’s incentives and raises
the total surplus available to split. This, together with limited liability or liquidity constraints, gen-
erates the inverted-U shape. The severity of this exploitation-stage friction thus determines not
just the level of payoffs available upon a breakthrough, but the slope of the payoff frontier, and

through it, the entire structure of the optimal exploration contract.

Working with reduced-form payoffs for the exploitation stage allows us to highlight the broad
applicability of our methods and findings.

Before discussing the results, we highlight that the contracting problem we study poses two chal-
lenges. First, the possibility of persistent private information can complicate the analysis since
it may make multistage deviations profitable (see, for instance, Fernandes and Phelan (2000))@

Therefore, we must modify the standard martingale approach to account for this.

Second, temporary incentive compatibility constraints may not always bind under the optimal
contract. Thus, it is restrictive to confine the analysis to contracts with binding temporary incentive
compatibility constraints. Hence, we extend Grossman and Hart| (1983))’s two-step approach and

apply techniques in dynamic control theory to derive the optimal contract.

Our analysis proceeds as follows. First, we solve for the optimal contract that incentivizes the agent

In our model, in the exploration stage, if the agent deviates from the principal’s effort recommendation (which
only occurs off the equilibrium path), the agent can acquire private information about profitability and potentially
enjoy an information rent afterward.



to exert effort until a fixed termination timef] Second, we look for the duration of experimentation

that maximizes the principal’s expected discounted profit.

Our main result is that the optimal contract design crucially depends on the shape of the principal’s
exploitation value function. In particular, the duration of experimentation is sensitive to the slope
of the exploitation value function not just its level. Concretely, consider a situation as depicted in
Figure (a), where we have two exploitation value functions. In this case, it can be shown that the
higher exploitation value function leads to longer experimentation. This is intuitive, if the payoffs
from success are larger the principal would want to continue longer. Nevertheless, this intuition
is not 100% correct. Consider the case depicted in Figure (b) The inverted U-shaped value
function is strictly below the affine one. Yet, somewhat surprisingly, the inverted U-shaped value
function may induce longer experimentation, even when it is strictly dominated by the affine one

in terms of levels.
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Figure 2: Implications for Duration of Experimentation

More generally, for any downward sloping exploitation value function, we can always construct
an inverted U-shaped value function that induces more experimentation, even though the attain-
able payoffs are always lower in the exploitation stage. This follows from the fact that when the
principal’s exploitation value function is downward-sloping, she incurs an additional shadow cost
from extending the duration of experimentation. In contrast, with an inverted U-shaped value
function, the principal finds it less costly to promise additional rent to the agent upon success.
Consequently, she has less incentive to minimize the agent’s exploitation utility by reducing the
duration of experimentation, potentially reducing the loss from under-experimentation. Thus, an
inverted U-shaped value function, despite being strictly lower, can induce more experimentation

and reduce inefficiency in the optimal experimentation contract. Thus, when considering the du-

3As discussed below, when the principal’s investment cost per unit time is sufficiently high, it entails no loss of
generality to restrict our attention to recommendations in which the agent exerts effort until the termination time.
Furthermore, since the players share the same discount rate, we can set fixed wages to zero and focus on compensation
schemes in which the agent is compensated only upon success.



ration of experimentation contracts, we must consider not just the magnitude of the attainable

ex-post values but also their shape.

These theoretical findings have sharp implications for two active policy debates. First, consider
corporate governance in the venture industry. A weakening of investor monitoring — reflected in
our model as an increase in the entrepreneur’s private benefit from the exploitation stage — has two
countervailing effects on the duration of exploration. In a monopolistic financial market, moder-
ate increases in private benefits shift the principal’s profit-maximizing exploitation utility upward,
weakening her incentive to extract rents by cutting experimentation short, and thereby increasing
the equilibrium duration of innovation. Only when private benefits become sufficiently large does
the standard appropriation effect dominate and experimentation contract. This non-monotonicity
implies that policies designed to strengthen corporate governance of innovative startups — mo-
tivated by the well-documented trend toward weaker monitoring in venture capital (Lerner and
Nandal, 2020; Aggarwal, Eldar, Hochberg, and Litov, 2022)) — may have the unintended conse-
quence of reducing the likelihood that early-stage projects ever reach commercialization. Competi-
tion among investors attenuates this effect: in a competitive financial market, Bertrand competition
limits rent extraction and experimentation is weakly longer, restoring efficiency for moderate levels

of private benefits.

Second, we derive prescriptions for the design of innovation subsidies, a policy instrument of con-
siderable fiscal scale: in 2024 alone, the United States provided an estimated $30 billion in federal
R&D tax credits while EU member states together spent €14 billion in state aid for research and
development. A first question is timing: should subsidies support early-stage exploration or late-
stage commercialization? We show that, for a given expected present value of subsidy payments,
late-stage subsidies unambiguously dominate early-stage subsidies in both competitive and monop-
olistic financial markets, because they directly raise the marginal return to experimentation rather
than merely relaxing the investor’s budget constraint. A second question is direction: conditional
on subsidizing the exploitation stage, should the subsidy go to the entrepreneur or the investor? We
show that the answer depends on the severity of the moral hazard problem and the competitiveness
of the venture capital market, both of which shape the distribution of rents between the parties.
When investors extract most of the surplus, optimal policy directs subsidies toward entrepreneurs,
shifting the profit-maximizing exploitation utility upward and reducing the investor’s incentive to
cut experimentation short. Conversely, when entrepreneurs capture most of the rents, subsidies
should instead be directed toward investors. These results suggest that governments wishing to
foster innovation should tailor their policies to the frictions and competitive conditions of spe-
cific industries, and that blanket subsidy policies are likely to have highly uneven effects across

sectors.

Our paper builds on the prior literature on contracting with exponential bandits (Bergemann and
Hegel, 11998, 2005; Horner and Samuelson, 2013; Halac et al., 2016). In these works, the initial



breakthrough generates a fixed reward and leads to the termination of the relationship afterward.
In contrast, we consider a general specification of the principal’s exploitation value function that
incorporates both the prior literature and the dynamic corporate finance literature. By doing so,
we show that the temporary incentive constraint may not always be tight in the optimal contract

and develop a general procedure that characterizes the optimal contract.

A burgeoning strand of theoretical literature analyzes contracting for a multistage project in the
absence of learning (Green and Taylorl 2015; Mayer} [2022; Feng, Taylor, Westerfield, and Zhangj,
2024; |Curello and Sinander, [2025). These papers focus on incentivizing the agent to truthfully
disclose some news (e.g., breakthrough, setback, failure), which is privately observed by the agent.
In contrast, we consider the case where the breakthrough is publicly observable and instead face the
challenge that the agent can privately learn about the profitability of the project off the equilibrium
path. Furthermore, we derive various implications for the duration of experimentation, which is

absent in these works.

Finally, Khalil, Lawarree, and Rodivilov| (2020)) also study contracting for a multistage project with
exponential bandits. More specifically, they study an adverse selection problem in which the agent
has private information about its effort cost, whereas we consider a moral hazard problem in which
the agent’s past effort choices are unobservable to the principal. Therefore, this paper is concerned

with different information frictions from ours.

The rest of the paper is organized as follows. Section [2] presents the baseline specification of
our model. Section [3| recasts the original contracting problem into a standard optimal control
program. Section |4] studies how the shape of the principal’s exploitation value function affects the
optimal compensation scheme. Section [5| develops a general two-step procedure that characterizes
the optimal contract in our dynamic environment, and analyzes how the shape of the exploitation
value function affects the duration of experimentation. Section 6] concerns applications of our model
to corporate governance and innovation subsidy design. Section [7] analyzes two extensions of the

baseline model. Unless otherwise stated, all omitted proofs can be found in Appendix.

2 Setup

2.1 Environment

Time is continuous and indexed by ¢ € [0,00). A deep-pocketed principal (referred to as “she”) can
contract with a cashless agent (referred to as “he”) to operate a project of unknown profitability,
denoted by 6 € {G,B}. A project with § = G is called a good project, whereas a project with
0 = B is called a bad project. Both players are risk-neutral, live forever, discount future payoffs at

a common discount rate r > 0, and share a prior belief Py(6 = G) = mp € (0,1).

At t = 0, the principal offers a long-term contract to the agent, who can either accept or reject it.



If the agent accepts the contract, the principal fully commits to the contractual terms thereafter.
Let us heuristically outline how the “stage game” proceeds during the infinitesimal time interval
[t,t + dt]. At time ¢, the principal invests ¢ > 0 per unit time to run the project. After the
investments are sunk, the agent privately chooses either to exert effort (a(t) = 1) or to shirk

(a(t) = 0). His flow effort cost at time ¢ is given by ca(t) dt for some cost parameter ¢ > 0.

The project can either fail or succeed over the interval (¢,¢ + dt]. Project success is modelled as a
single-jump process whose time-t instantaneous success rate is Aa(t) x 1{s—_g) with A > 0. Therefore,
the project can succeed at time ¢ only if (1) the agent exerts effort at time ¢ (i.e., a(t) = 1), and (2)
Nature selects a good project (i.e., § = G). The assumption that only a good project can succeed is
standard in the literature on dynamic moral hazard with experimentation (Bergemann and Hege,
1998, 2005; Horner and Samuelson, 2013} Halac et al |2016). Moreover, this assumption leads to
a clear separation between the exploration and exploitation stages, as no learning occurs during
the exploitation stage. Let 7 denote the random time at which success occurs, with 7 = oo if the
project never succeeds. In the Online Appendix, we extend our analysis to the model in which the

project can potentially succeed even without the agent’s effort.

If the project fails, it generates zero flow revenues. Following a failure, the project can either be
continued or irreversibly terminated. We denote the termination time by 7. Upon termination,

each player earns a zero reservation payoffﬁ

If the project succeeds, it leads to a breakthrough in the contractual relationship. Let us provide an
abstract, reduced-form representation of continuation play in the exploitation stage. In particular,
if success occurs at time ¢, a player’s time-t continuation payoff (i.e., the expected value of the

player’s discounted future payoff beginning at time t) is given by
W3(t) for the agent, V (W¥(t)) for the principal. (1)

Henceforth, we refer to W9(t) as the agent’s exploitation utility upon success at time ¢, and to

V(-) as the principal’s exploitation value function.

Verbally, V(W9 (t)) represents the principal’s maximal continuation profit in the exploitation stage
when the agent is promised continuation utility of W (t) upon success at time ¢t. As described in
the introduction, this general formulation allows us to capture many applications within a unified
framework. We require that W9(t) > 0, which reflects either the agent’s interim participation
constraint or the limited liability constraint. This requirement precludes the first-best outcome in

which the principal “sells the enterprise” to the agent.

Throughout the paper, we impose the following regularity assumption on the exploitation value

function:

4All our main results continue to hold even when (1) the players’ reservation payoffs are assumed to be weakly
positive, (2) the project generates positive flow outputs upon failure, or both.



Assumption 0. The principal’s exploitation value function V : Ry — R has the following proper-

ties:
(i) The function V (-) is concave, with V' > —1 almost everywhereﬂ
(i) The function V (-) has a unique maximizer W* > 0.

(iii) The project is sufficiently profitable:

AmoV <maX{W*, C}) —1>0.
)\7‘1’0

The first two conditions, and are not too restrictive and are satisfied in many canonical
models of moral hazardﬁ These regularity conditions ensure that the contracting problem has a
well-defined solution. The third condition, ensures that the underlying project is sufficiently

profitable for the optimal contract to induce a strictly positive duration of experimentation.

2.2 Two Shapes of Exploitation Value Functions

Under Assumption [0} the exploitation value function can be classified into two economically relevant

cases:

Definition 1. The principal’s exploitation value function V (-) is downward sloping if it is strictly

decreasing in the agent’s exploitation utility, with V' < 0 almost everywhere.

Definition [I]| generalizes a salient property of the principal’s exploitation value function implicitly
used in existing contracting models with exponential bandits (Bergemann and Hege, 1998 [2005;
Horner and Samuelson, [2013; Halac et al., 2016]). In these works, project success generates a fixed
surplus, which is subsequently shared between the two players according to the initial contract, as
illustrated in Figure (a). Therefore, the principal earns a strictly lower exploitation profit when
she promises the agent a larger exploitation utility upon success. Hence, for any downward-sloping

value function, its maximizer W* must be zero.

In the second case, the principal’s exploitation payoff is non-monotonic and attains its maximum

at a strictly positive exploitation utility:

Definition 2. The principal’s exploitation value function V(-) is inverted U-shaped if its unique

mazimizer W* > 0.

By Assumption [0} it is straightforward to see that an inverted-U-shaped exploitation value function

°Tt is well known that a concave function is absolutely continuous (see, for instance, Theorem 25.5 in |[Rockafellar
(1970)).

5See, for instance, |Quadrini| (2004) and [Horner| (2013) for a lucid exposition of why value functions in many
dynamic contracting papers are often concave and have a derivative weakly greater than —1.



is increasing on [0, W*] and decreasing on [IW*, 00).

An inverted-U-shaped exploitation value function can be motivated in several ways. First, a large
body of the dynamic corporate finance literature considers moral hazard problems in which the
principal has an inverted-U-shaped value function (Quadrini, [2004; Clementi and Hopenhayn, [2006;
DeMarzo and Sannikov] [2006; DeMarzo and Fishmanl, [2007albl [DeMarzo et al., [2012; [Fuchs et al.|
2022)). Moreover, in Section@, we provide a tractable model of the exploitation stage that generates
an inverted-U-shaped exploitation value function. Across all of these settings, including ours in
Section [6] limited liability is the key friction. When the agent’s continuation value is too low, the
principal cannot induce the efficient level of effort. As a result, she may earn a lower continuation

profit, so both parties may benefit when the agent is allowed to enjoy some rents.

Second, this shape admits a natural interpretation in standard corporate finance models[] For
example, we may view the agent in our model as an entrepreneur and the principal as outside
investors (Jensen and Meckling}, [1976). Then, the agent’s exploitation utility can be interpreted as
the expected payoff from the entrepreneur’s equity stake, while the principal’s exploitation profit
corresponds to the expected payoff from outside investors’ equity stakes. When the entrepreneur’s
stake is too small, his incentives to act in outside investors’ interest become weak. In that case,
outside investors may benefit from increasing the entrepreneur’s stake, even though doing so reduces
their direct share of profits. This force is also closely related to debt overhang (Myers, [1977):
existing debtholders may benefit from lowering the face value of debt when doing so mitigates

incentive distortions.

2.3 Contracting Problem

A contract I' specifies the duration of experimentation 7', a recommended action strategy a :=
{a(t)}t<raT, a continuation plan W* := {W9(¢)};<7 in the exploitation stage (i.e., a sequence
of the agent’s exploitation utility W*(t) > 0 upon success at time ¢), and an initial fixed wage
¢ > 0 paid to the agent. In response, the agent chooses his action strategy a := {a(t) }+<,a7 in the

exploration stagef]

In keeping with the prior literature on dynamic contracting with learning (DeMarzo and San-
nikov, [2017; He, Wei, Yu, and Gao, [2017), we confine our attention to pure strategies so that,
in equilibrium, all players make the same inference about the past path of play. Moreover, for
technical purposes, we require that an action strategy a be .#-predictable, where . := {.Z (t) }+>0
is the filtration generated by the counting process N := {N(t)}+>0 associated with success, with
N(t) := 1fr<4y. This implies that the agent’s action choice a(t) at time ¢ depends only on the

outcome history up to, but excluding, time t.

"See the discussion in 4.1.3 (“Simple Applications”) of [Bolton and Dewatripont| (2004).
8For any pair (t1,t2), we denote the minimum of ¢; and t2 by t1 A t2, and the maximum of ¢1 and t2 by 1 V t.



As is standard in the dynamic contracting literature, we focus on contracts with a front-loaded effort
recommendation, under which the agent is recommended to exert effort throughout the exploration
stage (i.e., a(t) = 1 for each ¢ < 7AT). This restriction entails no loss of generality if the principal’s
investment cost ¢ > 0 per unit time is sufficiently largeﬂ Also, it is optimal for the principal to
pay zero fixed wages in the current setup: ¢* = OH As a result, the principal offers a long-term

contract I' that solves

TAT
max E, [eXp(—TT)V(WS(T)) X lir<r) —i/ exp(—rt)dt] (2)
a, T, W5 - 0

TAT
subject to: E, [exp(rT)WS(T) X Lrary — c/ exp(rt)a(t)dt]
0

TAT
>E, [exp(—rT)WS(T) X lireqy — C/O exp(—rt)&(t)dt] (IC)

for any action strategy a,

where [E, is the expectation operator associated with the probability measure induced by an action
strategy a and the prior belief that Py(6 = G) = mp. Henceforth, the constraint (IC)) shall be referred
to as the full incentive compatibility constraint, which requires that the agent find it optimal to

adhere to the strategy recommended by the principalE

3 Reformulation of Contracting Problem

We modify the martingale approach & la|Sannikov| (2008)) to reformulate the contracting problem. A
few additional notational conventions are in order. Denote by IP’(? the probability measure induced
by the agent’s action strategy a from the perspective of an observer who believes that the project
is good. Let EaG denote the expectation operator associated with the probability measure IP’aq The
probability measure P is a convenient tool for reformulating the incentive compatibility constraint
in the exploration stage because the agent’s past deviations have no effect on this probability
measure. Therefore, it allows us to apply the martingale approach even when the agent’s deviation

can create a divergence between the two players’ beliefs.

9Note that even for small i > 0, the principal always recommends a front-loaded effort recommendation under
fully observable effort, so it is natural to restrict our attention to this class of recommendations.

10We introduce the fixed wage ¢ > 0 purely for expositional convenience in the proofs of the results in Section
[6] on the analysis of the competitive financial market. All of the results continue to hold if we eliminate the initial
fixed wage and adjust the continuation plan W* appropriately. Since V' > —1, it entails no loss of generality to
backload compensation until the exploitation stage. Thus, in the baseline model, even if we allowed the principal to
pay nonnegative fixed wages to the agent in the exploration stage, the principal would find it suboptimal to do so.

1By the full incentive compatibility constraint and the limited liability constraint, the agent’s equilibrium
continuation utility must be higher than his continuation utility from always shirking, which yields the agent a
continuation utility weakly higher than his reservation utility. Therefore, any incentive-compatible contract must
always satisfy the agent’s interim participation constraints.

10



For any t <7 AT, define

TNAT
WE T, a) :=EY |exp(—r(t —t))W5(1) x 1irapy — c/t exp(—r(s —t))a(s) ds

7 (t)] » (3)

to be the agent’s time-t equilibrium continuation utility under contract I', from the perspective of
someone who believes that the project is good. Since success perfectly reveals that the project is
good, we must have W& (T, a) = W (t) upon success at time ¢t < T.

The rest of Section [3| proceeds as follows. Subsection derives the “promise-keeping constraint”
under the probability measure P&, which governs the evolution of the agent’s continuation utility
WE(t|T,a) under PS. Subsection reformulates the full incentive compatibility constraint
for contracts with a front-loaded effort recommendation. Subsection[3.3]then uses these contractual

constraints to recast the original contracting problem .

3.1 Promise-Keeping Constraint

We next derive a bookkeeping equation that describes the evolution of the agent’s continuation
utility W (t|T',a) under the probability measure P%. We rely on martingale methods in the
continuous-time contracting literature (Sannikov, |2008; Biais, Mariotti, Rochet, and Villeneuve,
2010). For any ¢t < 7 AT, consider an auxiliary variable that represents the time-¢ expectation of

his lifetime utility under the probability measure IP’E:

TAT
UY(t|T, a) :== ES |exp(—rm)W5 (1) x r<ry — c/ exp(—rt) a(t)dt
0

y(t)] .

By the Law of Iterated Expectations, the process U%(T,a) := {U%(¢|T', @) }s<,ar must be a mar-
tingale under the probability measure P& with respect to the filtration .%. Since this filtration
is induced by outcome histories, we can apply the martingale representation theorem for point
processes to U%(T', a) to yield the following resultﬂ

Lemma 1. For any contract-action pair (I',a), there exists an F -predictable process BG(F,CL) =
{BY(T,a)}e<rar by which the posterior lifetime wutility process U%(T', a) under the probability mea-

sure PG can be represented as follows:
t
US(HL, a) = US(0|T, a) +/ exp(—rs)ﬁG(s\r,a){dN(s) . )\ds}, (4)
0

foranyt <t AT.

The proof of Lemma [1| can be found, for example, in Biais et al. (2010), and is therefore omit-
ted.

12See, for instance, Theorem T9 on page 64 in Chapter 3 of Brémaud| (1981).

11



The “martingale representation” in Equation has the following economic interpretation. After
appropriately adjusting for discounting, the instantaneous change in U G(t) can be expressed as the
product of two terms: (1) an increment dN (t) — Adt that reflects whether there was a jump at time
t, and (2) a term S%(t) that reflects the sensitivity of the agent’s continuation utility under the

probability measure P to success at time .

Taken together, Equations and imply
t
U0, a) = —c/ exp(—rs) ds + exp(—rt)WE (|, a), (5)
0

for any t < 7 AT. After plugging the “martingale representation” given in into the left-hand

side of the equation above, differentiation yields the following law of motion:
AWC ([T, a) = [TWG(t—|r, a) — MBE ([T, a) + c] dt + BE(t0, a) AN (2), (6)

for any t < 7 AT, where WY (t~|T',a) := li%a WG(s|T',a) represents the left limit of the process
S
WGE(T,a) at time t.

With a slight abuse of notation, we suppress the dependence on the contract-action pair (I, a)

and let W% (t) denote the agent’s equilibrium continuation utility under the probability measure

G
Pf after the project has failed up to and including time ¢t. Also, define 81/12% ® o be its time

derivative given by the drift term in Equation (@, and BY(t) to be the increase in the agent’s

time-t continuation utility under the probability measure PS upon success at time ¢.

With this notation, the agent’s equilibrium continuation utility W (t) increases to WY (t) + 5%(t)
upon success at time t, which coincides with W¥9(¢) by the definition given in @ Moreover,

WE(T) = 0, which reflects the agent’s reservation payoff upon termination. In summary, we have:

G
(W =rWY(t) =A% (t) +¢ foranyt <T, WE(T)=0; (PKG)
Wo(t) = W) + BE(¢t) for any t < T.

Henceforth, we refer to the system of equations in (PKG|) as the promise-keeping constraint under
the probability measure Pg. This constraint keeps track of the agent’s equilibrium continuation

utility when payoffs are evaluated under PS.

Since the boundary value problem in the first line of the constraint (PKG) is linear, its solution

can be explicitly expressed as follows:

W (t) = /t ' eXp(—T‘(T—t))<)\BG(T) - c)dT. (7)

12



Hence, once the termination time 7" > 0 and the sensitivity process 8¢ := {8%(t)};<7 are both
determined, we may pin down the continuation plan W := {W9(¢)};<r in the exploitation stage
by the integral expression in and the promise-keeping constraint in (PKG).

3.2 Temporary Incentive Compatibility Constraint

Let us make use of the sensitivity process 8% to reformulate the full incentive compatibility con-
straint for a contract with a front-loaded effort recommendation. To facilitate the reader’s
intuition, we begin with heuristic arguments and then continue by stating the formal result. Fol-
lowing any outcome history in which the project has failed up to and including time ¢ (< T), we
denote by 7(t) and 7 (t), respectively, the principal’s and the agent’s time-t¢ beliefs that the project
is good. By Bayes’ rule, the belief pair (7(t), 7 (t)) obeys the following law of motion:

drn(t) = — Ar(t)(1 — n(t))dt,  di(t) = —Aa(t)i(t)(1 — 7(t))dt for any t < T;

7(0) =#(0) = mo. ®)

Note that the principal can never observe the agent’s action strategy, so she updates her belief

based on her effort recommendation.

Assume that, for almost every t < T,
Mr(H)BE(t) > c. ©)

E Suppose, toward a contradiction, that the agent has an optimal deviation @ under which he
shirks for a positive duration. Then, there exists a time # € (0,7 such that the agent has shirked
for a positive duration before ¢ and continues to shirk for a positive duration after ¢. By the law of
motion in , after the project has failed up to and including any time t > £, the agent is strictly
more optimistic than the principal: #(t) > m(t). Hence, for almost every time ¢t € [£,T] at which
the agent shirks and condition @D holds, we have

M ()Y (t) — ¢ > Mr(t)BY(t) — ¢ > 0.

Thus, the agent is strictly better off exerting effort rather than shirking at all such times. This
contradicts the optimality of the deviation a. Therefore, the agent cannot profitably deviate from

the principal’s effort recommendation.

Conversely, assume that the principal’s effort recommendation is incentive compatible. Then it
must be sequentially rational for the agent to exert effort throughout the exploration stage. Hence,
in equilibrium, the agent’s decision to exert effort must weakly increase his expected continuation

utility at almost every time ¢t < 7', which implies that the inequality in @ must hold for almost

13Consistent with the standard terminology in measure theory, “for almost every ¢ < T” means every time except
potentially on a time set with zero Lebesgue measure.
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every t < T.
The next lemma formalizes these intuitive arguments:

Lemma 2. For any contract I, it is optimal for the agent to always exert effort in the exploration

stage if and only if
A3 (1) > ¢ (TIC)
for almost every t < T.

In the dynamic contracting literature, the condition is frequently called the temporary in-
centive compatibility constraint at time t['Y] Lemma [2] asserts that, when checking the incentive
compatibility of a contract with a front-loaded effort recommendation, it suffices to consider only
“temporary deviations,” i.e., alternative strategies in which the agent shirks at time ¢ and exerts

effort at all other times in the exploration stage.

Remark 1. In many models of dynamic contracting with persistent private information, one must
account for “double deviations”: after deviating from past recommended actions, the agent may
acquire an additional incentive to deviate again from future recommended actionsﬁ This issue
does not arise here. For contracts with front-loaded effort recommendations, the temporary incentive
compatibility constraint 1s sufficient for the full incentive compatibility constraint . Once
the agent shirks, he becomes more optimistic about the project’s profitability and therefore has a
weaker incentive to shirk in the future. Hence, as long as the temporary incentive compatibility
constraint holds in the exploration stage, it remains sequentially rational for the agent to

exert effort even after having shirked in the past.

3.3 Optimal Control Program

We recast the original contracting problem based on the contractual constraints (PKG|) and
(TIC), together with the front-loaded nature of effort recommendations. By the law of iterated

expectations and direct computation, the problem in can be reformulated as follows:

max [wo /OT exp(—(r + M\)t) ()\V(WG(t) + BG(t)) — z) dt — (1 — mp) <

(BG,We,T
s.t. (PKG),(TIC)

1- exp(—rT)) Z} |

r

(10)

14Gee, for instance, [Green| (1987); [Fernandes and Phelan| (2000); [Kapickal (2013).
5See, for example, Fernandes and Phelan| (2000) for an earlier discussion of this issue.
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4 Compensation Scheme

In the spirit of |Grossman and Hart| (1983), we first study a constrained optimization program that
induces the agent to exert effort until an arbitrary fixed termination time 7" > 0. Formally, for
each T > 0, a compensation scheme Cr refers to a process pair {(ﬁg(t), Wrﬁ(t))}tST satisfying both
contractual constraints and . In particular, for a given termination time 71" > 0, the

constrained optimal compensation scheme C7. solves the following constrained optimization problem:

o [WO / " exp((r 4 N)) (W) + B7(0) —i)dt — (1 mo) <1_e"‘;(_m> z:| .
o PR

(11)

In the remainder of this section, we solve and highlight the role that the shape of the ex-
ploitation value function has in characterizing the compensation scheme. In Subsection we
analyze the properties of the benchmark compensation scheme in which the temporary incentive
compatibility constraints bind throughout the exploration stage. In Subsection we show that
when the principal has a downward-sloping exploitation value function, the benchmark compensa-
tion scheme considered in Subsection is constrained optimal given a termination time 7' > 0.
In Subsection [£.3] we show that when the principal has an inverted U-shaped exploitation value
function, the temporary incentive compatibility constraint may not bind at all times under

the constrained optimal compensation scheme.

4.1 Compensation Scheme With Binding Incentive Constraints

For each termination time 7" > 0, let CjBlinding = {(@g(t),ﬂ%(t))}tg_p denote the compensation
scheme in which temporary incentive compatibility constraints bind throughout the exploration

stage, where

T
BEW) = W%wzjemvm>m@@vkam,wﬁw:wﬁwwﬁwum

A7 (t)
for each t < T.

Verbally, when payoffs are evaluated based on the probability measure }P’g, the term é?(t) is the
sensitivity of the agent’s continuation value to success at time ¢ under the compensation scheme
C?inding, whereas W (t) is the agent’s continuation value after failure up to and including time ¢
under the compensation scheme C?inding. Also, E%(t) represents the agent’s exploitation utility

. ' Bindi
upon success at time ¢ under the compensation scheme Cp." "%,

The following lemma characterizes the agent’s continuation utilities induced by the compensation
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scheme C?mdmg :

Lemma 3. (1) For any compensation scheme Cr with a given termination time T, the agent’s
continuation value W (t) under the probability measure IP’aG after failure up to and including
time t is weakly higher than WS (t) induced by ijmdmg at almost every t < T. Additionally,
the agent’s exploitation wutility W9 (t) upon success at time t is weakly higher than w%(t)

associated with Cfmdmg for almost every t <T.

(2) The agent’s exploitation utility wgﬂ(t) associated with the compensation scheme CTBmding strictly

increases in the timing of success, t.

Lemma asserts that, given any termination time T, the continuation payoffs WS (t) and
W2.(t) induced by the compensation scheme CTE’inding impose lower bounds on time-t continuation
payoffs that can be induced by an arbitrary compensation scheme under the probability measure
Pf. Heuristically, if the principal raises the sensitivity term 3% (t) of the agent’s continuation utility
under the probability measure P& at time ¢, she must do so by promising a higher exploitation
utility W+ (t) at time ¢, which in turn increases the agent’s continuation utilities prior to time ¢
under the probability measure PS. Therefore, slack temporary incentive compatibility constraints

lead to higher “agency rents” in both stages (i.e., W (t) and W9(t)).

To develop intuition behind Lemma we decompose W5(t) := @g(t) + WE(t) into two com-
ponents, ég(t) and WS (t). The first component ég(t) reflects the compensation for the agent’s
cost of effort when effort choices are publicly observable in the exploration stage. In this first-best
benchmark, the principal can extract full surplus by promising the agent an exploitation utility of
ﬁg(t) = #(t) upon success at time ¢. Since both players grow pessimistic about the likelihood
of success with the passage of time in the exploration stage, the principal must raise the agent’s
exploitation utility g?(t) over time to accommodate the lower chance of success. As a result, the

first component ﬁg(t) strictly increases in the timing of success.

The second component W? (t) reflects the agent’s time-t expected information rent arising from
the possibility of belief manipulation when the agent is privately informed of his past effort choices.
In this case, the agent’s shirking can induce the principal to become more pessimistic than the
agent in the future. Thus, under the first-best continuation plan {g?(t)}tST in the exploitation
stage, the agent can expect to earn information rents by exerting effort only when the exploitation
utility level becomes sufficiently high, so he does not find it optimal to exert effort at all times until
termination. Therefore, to incentivize the agent, the principal must promise him an additional

exploitation utility Eg(t) upon success at time t.

Although the second component Eg(t) may vary non-monotonically with the timing of success,
the proof of Lemma |3 shows that this variation is dominated by the strict monotonicity induced
by the first-best component ﬁ?(t) Therefore, the exploitation utility W5 (t) = Q(T; () + WE(t) also
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strictly increases in the timing of success.

4.2 Case 1: Model With Downward-Sloping V(-)

The next lemma shows that if the principal has a downward-sloping exploitation value function,
the temporary incentive compatibility constraint (TIC) must bind throughout the exploration

stage:

Lemma 4. If the principal’s exploitation value function is downward-sloping, then for each termi-
nation time T’ > 0, the compensation scheme Cﬁmdmg with binding temporary incentive compatibility

constraints is constrained optimal.

The intuition behind the lemma is as follows. If the principal has a downward-sloping exploitation

value function and promises a strictly higher exploitation utility upon success at time ¢, she must

earn a strictly lower exploitation profit upon success at time t. Accordingly, the principal finds

CBinding
T

it optimal to implement the compensation scheme , which delivers the agent the minimal

exploitation utility required to induce him to exert effort at any given time, as shown by Lemma

E@)

The next proposition fully characterizes the constrained optimal compensation scheme under a

downward-sloping exploitation value function:

Proposition 1. Suppose that the principal’s exploitation value function is downward-sloping. Then,
for any given termination time T > 0, the temporary incentive compatibility constraints bind
throughout the exploration stage under the constrained optimal compensation scheme that induces
the agent to exert effort until termination. Additionally, the agent’s exploitation utility E:%(t) mn

(12) strictly increases in the timing of success, t.
Proof. Immediate from Lemmata [3{(2)| and O

4.3 Case 2: Model With Inverted U-Shaped V(+)

Let us show that when the principal has an inverted U-shaped exploitation value function, the
temporary incentive compatibility constraint need not always bind in the optimal contract.
Let us derive the general form of the constrained optimal compensation scheme for a given termi-
nation time 7" > 0, under which temporary incentive compatibility constraints may not bind at all
times in the exploration stage. Given a termination time 7" > 0, our candidate for the constrained
optimal compensation scheme is denoted by C7., under which the agent expects to earn the following

exploitation utility upon success at time ¢:

WS*(t) := max{W*, W(t)}. (13)
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Based on the exploitation utility given in (I3)), the time-t contracting variables 8%*(t) and W&*(t)

associated with the candidate optimal compensation scheme C7 can be computed as follows:
T
WE*(t) = / exp(—(r + A) (T — ) AWF* (1) — e)dr, B (t) = WE*(t) — WE*(1) (14)
t

for each t < T. Note that the first equality follows from the definition given in and the front-
loaded nature of the principal’s effort recommendation, whereas the second equality follows from
the second line of the promise-keeping constraint (PKG)) under the probability measure P,

Figure [3| depicts the three possible trajectories of the exploitation utility Wﬁ* (t) induced by the
constrained optimal compensation scheme C7 for a given termination time 7. In particular, the
figure uses two benchmarks: 1) the minimal exploitation utility W5 (¢) induced by the compensation
scheme C2™ %" and 2) the first-best continuation plan {57 Ht<rre under observable effort, where
TFEB denotes the first-best duration of experimentation to be determined in later Sections. In
Panel (a), the profit-maximizing utility W* lies below W3 (t) for all ¢ < T. Hence, the candidate
compensation scheme coincides with the compensation scheme C?inding: W2*(t) = W5 (t) for all
t <T. In Panel (b), W* intersects W5(t) at a unique cutoff time t* € (0,T), where W5 (t*) = W*.
Then, under the candidate compensation scheme, the agent earns the exploitation utility W* if
the project succeeds prior to t*, and Eg(t) if the project succeeds afterward. In Panel (c), W*
lies above E‘%(t) for all t < T. Hence, under the candidate compensation scheme, the agent earns

Wfﬁ*(t) = W™ upon success, regardless of the timing of success in the exploration stage.

—— Compensation scheme with observable effort
—— Compensation scheme with binding TICs

Exploitation Exploitation Exploitation
Utility Utility Utility

'LV* ................................

wW*

Success Success Success

T TFB Time T TFB Time T TFB Time

(a) (b) (c)

Figure 3: Trajectories of Exploitation Utility Induced By Cr.

As a preliminary step, the next lemma shows that our candidate for the constrained optimal

compensation scheme C7. is indeed incentive compatible:

Lemma 5. Under the candidate C}. for the constrained optimal compensation scheme, the tempo-
rary incentive compatibility constraint is slack at any time t with W5(t) < W*, and binds at all

other times prior to termination.

Intuitively, if the principal promises a higher exploitation utility at time ¢ than the minimal possible

level W5 (t) and fixes the level of the agent’s exploitation utility for a positive duration of time, the
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agent finds it less attractive to wait for the exploitation utility to go up at time ¢. As a result, he

has a stronger incentive to exert effort at time ¢.

In the next proposition, we verify our conjecture that the compensation scheme C7 is indeed

constrained optimal:

Proposition 2. For each termination time T > 0, there exists a constrained optimal compensation
scheme Cr. as defined by the agent’s time-t exploitation utility in . Under the constrained
optimal compensation scheme, the temporary incentive compatibility constraint is slack at time t if
and only if W3.(t) < W* at time t.
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Figure 4: Two Cases for Proof of Proposition

The heuristic argument for Proposition [2] is as follows. First, if W5(t) < W* at time t as in
Panel (a) of Figure {4} the compensation scheme C7. delivers the principal her maximal exploitation
profit V/(WW*) at time ¢, so no other compensation scheme can deliver a strictly higher exploitation
profit at time ¢ than C} does. Moreover, since the principal promises strictly more than the level
required to motivate the agent at any such time, Lemma [5[ implies that the temporary incentive

compatibility constraint should become slack.

Second, let us suppose that W3.(t) > W* at time ¢ as in Panel (b) of Figure 4i By Lemma
the principal must promise the agent weakly more than Erfw(t) upon success at time ¢ under any
compensation scheme. Moreover, by concavity of the exploitation value function V(-), it must be
strictly decreasing on [W* 00). Therefore, the principal’s exploitation profit at time ¢ cannot be
higher than V (W#(t)), which is the level induced by the candidate for the constrained optimal

compensation scheme Cr..

5 Duration of Experimentation

We next investigate how the shape of the principal’s exploitation value function affects the optimal

duration of experimentation. In Subsection [5.1] we present the efficient benchmark in the absence
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of the moral hazard problem. In Subsection [5.2] we reintroduce moral hazard and present the
resulting tradeoff between rent extraction and efficiency faced by the principal. In Subsection [5.3

we present the main theoretical results of the paper.

5.1 Benchmark Without Moral Hazard

For a given exploitation value function V', we analyze the benchmark environment with observable
effort in the exploration stage. In this setting, it is optimal for the principal to promise the agent

the following level of exploitation utility upon success at time ¢:

C

WEB(t) := max{W*, (D) }. (15)

Therefore, it is optimal for the principal to terminate experimentation when her expected benefit

from additional experimentation equals the investment cost:

M(TFBYV (WEB(TFBY) — = 0. (16)

Marginal Expected Benefit From Experimentation
With Observable Effort

5.2 The Efficiency-Rent Extraction Tradeoff

Once we allow for moral hazard, the principal may no longer extract all the rents from experimen-
tation. Otherwise, the agent would have an incentive to shirk for some time, wait for the rewards
to increase, and only then exert effort. As a result, the principal must provide the agent with some
rents upon success. Importantly, these rents increases with the time left for the agent to experiment

until termination:

Lemma 6. For any triple (t,T1,Ty) with t < Ty, < Ty, the following statements hold true:
(1) W§, () < W, (t) and W3, (t) < W7, (t);
(2) WE(t) < WE(E) and W () < Wik (D).

Lemma [6] asserts that if the principal prematurely terminates experimentation, she can reduce
the rents necessary to motivate the agent to exert effort until termination. Intuitively, if the
principal shortens the duration of experimentation, the agent expects to earn less information rents
from shirking early on and manipulating the principal’s future beliefs. Therefore, the agent has a
weaker incentive to shirk in the exploration stage, which allows the principal to reduce the level of

exploitation utility required to incentivize the agent.

Due to this additional consideration, the principal faces a tradeoff between effort provision and rent

extraction when choosing the optimal duration of experimentation T™. We proceed by deriving the
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optimality condition that captures this tradeoff. Note that:

C

S* *\ *
W2 (T*) = max{W N (T

where the first equality follows from and , and the second equality follows from .
Substituting the equality Wk (T*) = WFB(T*) into the first-order condition for the contracting
problem yields the following lemma:

Lemma 7. There exists a unique optimal duration of experimentation T* > 0, which is the unique

solution to the following optimality condition:

An(T)WV(WPP(T)) —i = Ac(l = n(T)pp<(T") (17)
Marginal Expected Bene}% From Ezperimentation Shadow Cost From Promising Agent
With Observable Effort Additional Rent Upon Success
where ,u%(G*(T*) > 0 is the Lagrange multiplier associated with the promise-keeping constraint

(PKG) at time T* in the optimal control program (L1).

Importantly, the Lagrange multiplier u2X%*(T*) > 0 is a function of the slope of the payoff frontier

V, since that slope determines the principal’s shadow cost from delivering additional value to the
agent. Unless the multiplier is zero, the principal reduces the duration of experimentation below

the first-best level to reduce the rents promised to the agent.

5.3 Underexperimentation

The next theorem shows how the shape of the exploitation value function V' may induce underex-

perimentation relative to the first-best level TH5:
Theorem 1.

(1) If the principal’s exploitation value function V is downward-sloping, the optimal duration of

experimentation is strictly less than the efficient level: T* < TFB.

(2) The principal’s exploitation value function V is inverted U-shaped with W* > W if and

only if the optimal duration of experimentation is equal to the efficient level: T* = TFB.

The first part shows that with a downward-sloping exploitation value function, the principal always
faces a strictly positive shadow cost u%@* (T*) from delivering additional exploitation utility in
, and thus induces premature termination of experimentation. Intuitively, when the principal
has a downward-sloping exploitation value function, she has a strong incentive to increase her
exploitation profit through rent extraction. Since she can reduce agency rents by shortening the

duration of experimentation, she finds it profitable to do so at the expense of efficiency gains.

The second part provides a necessary and sufficient condition under which the principal recommends
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the first-best duration of experimentation under the optimal contract. The intuition behind this
result is as follows. If the principal has an inverted U-shaped exploitation value function, she
has a weaker incentive to minimize exploitation utilities. Specifically, if the exploitation value
function has a sufficiently high maximizer W*, she no longer finds it profitable to extract agency
rents by shortening the duration of experimentation. Hence, the principal’s optimal duration of

experimentation coincides with the efficient level.

5.4 “Slope” and “Level” Effects

We proceed by conducting comparative statics on the optimal duration of experimentation with
respect to the shape of the exploitation value function V. For a given exploitation value function
Vi, let T > 0 denote the optimal duration of experimentation under V;. The next lemma separates
two channels through which the shape of the principal’s exploitation value function affects the

optimal duration of experimentation:
Lemma 8.

(1) [“Level”] For any pair of exploitation value functions Vi and Vo such that (a) V1(0) < V2(0)
and (b) Vg = V| everywhere on Ry, Ty < Ty.

(2) [“Slope”] For any pair of exploitation value functions Vi and Va such that (a) V] < Vj
everywhere on Ry, and (b) V1(0) = V5(0), TF < T5.

The first part captures the level effect associated with changes in the exploitation value function.
Namely, if the principal expects to earn a larger exploitation profit upon success, she enjoys a
higher marginal benefit from experimentation Ar(T*)V(W2#(T*)) —i in (28). As a result, she has

a stronger incentive to continue experimentation during the exploration stage.

The second part illustrates the slope effect associated with changes in the exploitation value func-
tion. Intuitively, when the principal’s exploitation value function has a lower derivative, she faces
a greater marginal shadow cost from promising additional agency rent in . As a result, the
principal finds it more costly to deliver additional rents to the agent. Since premature termination
reduces the agent’s rent, it becomes more profitable for the principal to shorten the duration of

experimentation.

Even when an exploitation value function is strictly dominated by another, the slope effect can
dominate the level effect, inducing longer experimentation. We illustrate this in the next theorem
by showing that, for any downward-sloping exploitation value function, we can always construct
an inverted U-shaped value function that is strictly dominated in terms of its level and yet still

induces longer experimentation.

Theorem 2. For any downward-sloping exploitation value function Vp, there exists an inverted
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U-shaped exploitation value function Vi such that Vi < Vp everywhere on Ry, for which T} > TF,.

The intuition behind this result is as follows. When the principal increases the termination time,
the agent can potentially gain more from creating a divergence between the two players’ beliefs.
Therefore, the principal tends to bear an extra shadow cost from delivering a higher exploitation
utility to the agent. If the principal has a downward-sloping exploitation value function, the shadow
cost is strictly positive because she finds it costly to deliver additional exploitation utility to the
agent. The positive shadow cost depresses her benefit from implementing a longer termination

time, so the principal has an incentive to prematurely terminate the relationship.

By contrast, if the principal’s exploitation value function is inverted U-shaped, she finds it less
costly to deliver additional utility to the agent. In turn, the principal incurs a lower shadow cost
from delivering higher exploitation utility to the agent, which reduces her incentive to prematurely
terminate the relationship. Therefore, even when the principal earns a strictly lower exploitation
profit at any exploitation utility promised to the agent, an inverted U-shaped exploitation value
function can induce a longer termination time than a downward-sloping value function. More
generally, the level of the exploitation value function is not a sufficient statistic when determining

the duration of experimentation.

Remark 2. Although we invoke an inverted U-shaped value function in Theorem[d because it arises
naturally in the dynamic contracting literature, this is not required for this result. More specifically,
for any downward-sloping value function V', we can also construct a strictly dominated downward-
sloping function V that induces longer experimentation than V This follows because both the
“level” and “slope” effects identified in Lemma [§ apply not only when comparing the duration of
experimentation T between a downward-sloping value function and an inverted U-shaped one, but

also when comparing the duration of experimentation between two downward-sloping value functions.

6 Applications

Thus far, we have examined how the shape of the exploitation value function governs the optimal
contract for exploration, while remaining agnostic about the interaction between the principal and
the agent in the exploitation stage. In this section, we specify a continuation game between an
investor (i.e., the principal) and an entrepreneur (i.e., the agent) in the exploitation stage and

derive various policy implications.

In particular, we consider two market structures: (1) a competitive financial market with multiple
investors and (2) a monopolistic financial market with a single investor. We then characterize the
optimal duration of experimentation in the competitive market and discuss the roles of the shape
of the exploitation value function in this environment. Finally, for each market structure, we study

how improved corporate governance and innovation subsidies affect the equilibrium duration of

6The details of the argument are available upon request.
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experimentation induced by the optimal contract.

If the policymaker aims to promote the positive externalities generated by knowledge spillovers,
the natural object of interest is whether an innovation policy increases the likelihood of successful
innovation. For this reason, our analysis focuses on the duration of experimentation, as it is the
key determinant of success in the exploration stage and is therefore central to the incentives for

exploration in our framework.

6.1 Setup

Suppose that a penniless entrepreneur has a business idea at the beginning of the exploration
stage. We consider two market structures. In the competitive financial market, multiple deep-
pocketed investors compete to finance the project in exchange for a long-term contract. In the
momnopolistic financial market, a single deep-pocketed investor makes a take-it-or-leave-it offer to
the entrepreneur. For each market structure ¢ € {C, M }, where C' denotes the competitive financial
market and M denotes the monopolistic financial market. A contract I'* consists of a recommended
action strategy a‘, a duration of experimentation 7", a continuation plan WLS for the exploitation

stage, and an initial fixed wage ¢* > 0 paid to the entrepreneur.

Upon acceptance, the post-contractual game proceeds as in the baseline model. If the project
succeeds, it enters the exploitation stage. The continuation game is in the spirit of the “continuous-
investment model” in Tirole| (2006)’s textbookm At the outset of this stage, the investor can invest
I € [0,1] in the project. Once the investment is sunk, the entrepreneur privately chooses whether
to exert effort or shirk. Shirking yields the entrepreneur a private benefit of BI > 0, whereas
exerting effort yields no private benefit. If the entrepreneur exerts effort, the project succeeds with
probability py and fails with probability 1 — pg. If he shirks, the project succeeds with probability
pr, = pg — Ap, where Ap > 0, and fails with probability 1 — p;. The investor receives output
RI > 0 upon success and zero otherwise. As in the exploration stage, the entrepreneur is protected
by limited liability. Output is publicly observable and fully contractible, whereas the entrepreneur’s
effort is unobservable. Finally, the investor must deliver exploitation utility W to the entrepreneur,

as specified in the initial contract.
Throughout this section, we maintain the following assumptions:
Assumption 1. (i) py <R - A%;) >1,
(ii) o (pgR—-1)>pLR—1,
(iii) )\WQ(pHR — 1) Z c+i.

Assumption |(1)] ensures that the investor can earn a positive exploitation profit, provided that the

17See Section 3.4.1 of [Tirole| (2006)).
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entrepreneur’s exploitation utility is not too high. If Assumption [(i)| fails, the investor never finds
it profitable to finance the project. Assumption implies that the social surplus from exerting
effort is sufficiently greater than that from shirking. While stronger than necessary, we maintain
Assumption to simplify the exposition@ Assumption states that the underlying project is

sufficiently profitable to induce a positive duration of experimentation.

(a) Inverted U-shaped case (B > 0) (b) Downward-sloping case (B = 0)
A V(W) A V(W)
* — puB
W* = Hp
i w, w,

Figure 5: Exploitation Value Function

The financing investor’s exploitation value function associated with the continuation game is de-
picted in Figure 5| which we formally derive in the Online Appendix. We begin with the case in
which private benefit B > 0. To implement the efficient level of investment I = 1, the financing

investor must promise a bonus Rp upon success such that
puRy > prRy + B. (18)

Hence, the minimal bonus that induces the entrepreneur to exert effort is R; = A%]. Consequently,
the minimal exploitation utility that implements efficient investment is given by W* = pyR; =
pug B

2y >0

As a result, the exploitation value function is inverted U-shaped and reaches its peak at W* := %,
as shown in Panel (a). If the entrepreneur’s exploitation utility is relatively low (i.e., W < W*), the
financing investor cannot incentivize the entrepreneur while maintaining the efficient investment
level, and must therefore scale down investment. By contrast, if W > W™ the financing investor can
implement the efficient investment level. Hence, once the financing investor delivers an exploitation
utility above W*, any further increase in W only raises agency rents without generating additional

efficiency gains, and thus lowers the financing investor’s exploitation profit.

Next, let us turn to the case in which B = 0. In this case, the same continuation game generates a
downward-sloping value function in the exploitation stage, as shown in Panel (b). In the absence

of private benefits, there is no friction in the exploitation stage, so the relationship attains the

8More specifically, our main results continue to hold under the weaker assumption that shirking is socially inef-
ficient, i.e., py R > pr. R + B. However, under this alternative assumption, we must also account for the possibility
that the investor may prefer not to incentivize effort for some levels of exploitation utility.
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first-best level of surplus regardless of the exploitation utility. Hence, promising the entrepreneur

a larger exploitation utility always reduces the financing investor’s exploitation profit.

The figure clarifies the role of market structure in contracting. The two market structures considered
in the paper share the same payoff frontier V(W) in the exploitation stage. This is because the
payoff frontier is pinned down by the specification of the continuation game, rather than by the
degree of competition in the financial market. Instead, market structure affects which path of
exploitation utilities the financing investor promises along the payoff frontier. In turn, this affects

the parties’ incentives to continue experimentation in the exploration stage.

6.2 Competitive Financial Market

As a benchmark case, the following lemma characterizes the equilibrium duration of experimenta-

tion induced by the competitive financial market:

Lemma 9. The competitive financial market induces weakly longer experimentation than the mo-
nopolistic financial market: T¢ > TM . In particular, there exists a threshold B >0 such that, for
any private benefit B < B, the competitive financial market induces the first-best level of experimen-

tation, whereas the monopolistic financial market induces underexperimentation: T¢ = TFB > TM

The lemma shows that, when the private benefit B is not overly large in the exploitation stage, the
“slope effect” in Lemma plays a limited role in determining the equilibrium duration of ex-
perimentation in the competitive financial market. Intuitively, in the competitive financial market,
Bertrand competition among investors limits their ability to extract rents from the entrepreneur.
Consequently, unlike a monopolistic investor, the financing investor is less likely to terminate ex-
perimentation prematurely in order to extract additional rents. Hence, the competitive financial

market leads to a more efficient outcome than the monopolistic financial market.

However, competition does not always restore full efficiency. When the private benefit B is suf-
ficiently large, the investor has too little incentive to continue experimentation in the exploration
stage, which leads to underexperimentation. Under such circumstances, the source of this ineffi-
ciency is the entrepreneur’s limited liability constraint. Although the entrepreneur earns exces-
sive agency rents in the exploitation stage, those rents cannot be fully transferred to the investor
through contracts. As a result, underexperimentation can persist even in a competitive financial

market.

6.3 Corporate Governance

There have been growing concerns over the declining emphasis on corporate governance in the
venture capital industry (Lerner and Nandal [2020). In Fan (2021)’s survey of lawyers who regularly
work with startups, more than 82% of respondents stated that independent directors are selected

for their industry expertise rather than for monitoring purposes. Likewise, the fraction of IPOs

26



with dual-class share structures has increased over the last two decades (Aggarwal et al. [2022)).
Taken together, these facts point to a shift away from the traditional role of venture capital funds

as monitors of startups.

This shift raises a policy question: should policymakers step in to improve the corporate governance
of innovative firms so as to protect outside investors, or can lax monitoring sometimes be socially
desirable? To speak to this question, we conduct comparative statics with respect to the private
benefit B:

Proposition 3 (Monitoring). There ezist thresholds B* := % and B := ﬁ—}f (pHR -1- )\%TO)
such that the following hold:

(i) In the competitive financial market, the equilibrium duration of experimentation decreases in

B on [0, B].

(ii) In the monopolistic financial market, the equilibrium duration of experimentation increases
in B on [0, B*] and decreases in B on [B*, B].

The intuition behind Proposition [3]is as follows. In the competitive financial market, a higher pri-
vate benefit B in the exploitation stage depresses the financing investor’s exploitation profit, as well
as the social surplus in the same stage. Hence, it reduces the expected return to experimentation

and leads to premature termination of the relationship in the exploration stage.

By contrast, in the monopolistic financial market, a higher private benefit can have two effects.
First, it shifts the financing investor’s profit-maximizing exploitation utility W* := % to the
right. As a result, the investor has a weaker incentive to minimize agency rents and gains less from
terminating experimentation early in order to extract additional rents in the exploration stage.
Second, as in the competitive financial market, when the private benefit becomes sufficiently high,
it depresses the expected return to experimentation and leads to premature termination of the

relationship.

Importantly, we do not argue that the recent weakening of corporate governance in the venture
industry is socially desirable, nor do we attempt to explain the structural changes driving this trend.
Rather, we offer a cautionary note for policymakers considering interventions designed to reverse
it. Namely, policies that strengthen corporate governance may have an unintended consequence:
they may weaken incentives to continue experimentation by early-stage startups, thereby reducing
the likelihood of innovation. For this reason, when policymakers consider adopting measures that
improve monitoring, they should account for the possibility that the recent trend may, at least
in part, promote additional innovation. It is also important to assess whether this trend is more
pronounced among late-stage or early-stage startups, since our mechanism in Proposition |3|is more

directly related to changes in the corporate governance of later-stage startups.
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6.4 Innovation Subsidy

Innovation subsidies are a central policy tool for promoting development of new technologies and
commercialization of existing ones. In 2024, the United States provided an estimated $30.04 billion
on federal research tax credits, whereas EU member countries together spent €14.16 billion on
state aid for R&DF_g] Despite their importance, the optimal design of innovation subsidies is far
from straightforward. In particular, it remains unclear both 1) when subsidies should be provided
and 2) to whom they should be directed. We make use of our model to explore these questions in

the remainder of this Section.

6.4.1 Timing of Subsidies

Innovation subsidies can be broadly grouped into two categories: (1) “early-stage subsidies” and
(2) “late-stage subsidies.” Specifically, early-stage subsidies provide startup funds for innovation
at early stages (e.g., proof of concept, prototype validation), whereas late-stage subsidies support
deployment at later stages (e.g., scale-up finance, commercialization). Not surprisingly, much
debate exists among policymakers as to whether innovation subsidies should be weighted toward
early-stage innovation over late-stage deployment (Jaffe, Newell, and Stavins, 2002; Janicke and

Lindemannl, 2010; Nunez-Jimenez, Knoeri, Hoppmann, and Hoffmann| 2022]).

We rely on our framework to compare these policy instruments. Suppose that the policymaker can
grant the financing investor either an early-stage subsidy at the beginning of the exploration stage,
or a late-stage subsidy at the beginning of the exploitation stageF_U] We show that regardless of the

market structure, a late-stage subsidy dominates an early-stage subsidy of equivalent value:

Lemma 10. [Early-Stage vs. Late-Stage Subsidies] Suppose that the policymaker can provide the
financing investor with either (1) an early-stage subsidy or (2) a late-stage subsidy. Then, for a
given expected present value of subsidy payments, the late-stage subsidy lengthens the equilibrium

duration of experimentation weakly more than the early-stage subsidy in both financial markets.

Intuitively, a late-stage subsidy raises the marginal expected return to experimentation and there-
fore leads the financing investor to experiment longer in both financial markets. By contrast,
holding fixed the continuation value promised to the entrepreneur at time 0, an early-stage subsidy
has no direct effect on the equilibrium duration of experimentation. Thus, an early-stage subsidy
may indirectly lengthen experimentation only in the competitive market, by inducing the financ-

ing investor to promise additional continuation value to the entrepreneur. Therefore, for a given

9For details, see the following documents:
https://home.treasury.gov/system/files/131/Tax-Expenditures-FY2025.pdf
https://competition-policy.ec.europa.eu/document/download/cc9cdfde-97e9-4f8e-ac7d-5f094a9fd12d_en?
filename=state_aid_scoreboard_note_2025.pdf

“UFor instance, early-stage subsidies include the European Innovation Council (EIC) Pathfinder, whereas late-stage
subsidies include the EIC Accelerator. See the official program pages for details:
https://eic.ec.europa.eu/eic-funding-opportunities/eic-pathfinder_en
https://eic.ec.europa.eu/eic-funding-opportunities/eic-accelerator_en
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Figure 6: Exploitation Value Function After Subsidy

expected present value of subsidy payments, a late-stage subsidy is more effective at increasing the

probability of success in the exploration stage than an early-stage subsidy.

6.4.2 Who Should Be Subsidized?

We next study how late-stage subsidies should be allocated. We consider two policy instruments:
(1) a subsidy sp > 0 granted to the entrepreneur at the beginning of the exploitation stage, as
illustrated in Panel (a) of Figure [6] and (2) a subsidy s; > 0 granted to the financing investor at
the same stage, as illustrated in Panel (b) of Figure @ In practice, the subsidy to the entrepreneur,
sg, can be interpreted as commercialization support for a late-stage startup or its founding team,
whereas the subsidy to the investor, sy, can be interpreted as financial support, such as loan

guarantees, for investors financing late-stage startups@

We are interested in how a policymaker should allocate a given fiscal budget across these two
instruments at the beginning of the exploitation stage so as to maximize the duration of experi-
mentation. As a benchmark case, we characterize the optimal mix of the two policy instruments

in the competitive financial market as follows:

Lemma 11. (i) Suppose that the private benefit satisfies B < B, where B is given by Lemma
@. Then there exists a threshold S > 0 such that, for every subsidy amount S € (0,85) paid
at the beginning of the exploitation stage, a subsidy granted to the entrepreneur increases
the equilibrium duration of erperimentation by the same amount as a subsidy granted to the

financing investor in the competitive financial market. Moreover, the equilibrium duration of

2 Examples of late-stage subsidies to entrepreneurs include the National Institutes of Health (NTH)’s Commercial-
ization Readiness Pilot Program, whereas examples of late-stage subsidies to investors include the Small Business
Administration (SBA)’s Small Business Investment Company program and the Department of Energy (DOE)’s loan-
guarantee programs. For details, see:
https://seed.nih.gov/small-business-funding/find-funding/crp;
https://www.sba.gov/funding-programs/investment-capital;
https://www.energy.gov/edf/application-process.
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experimentation satisfies the following first-order condition:

M(TY)  (puR—-1+S8) —c—i=0. (19)

After-Subsidy Social Benefit
From Experimentation

(i) There exists B such that, for any private benefit B > B, the optimal composition of the two
late-stage subsidies in the competitive financial market assigns a strictly positive subsidy only

to the investor whenever the amount of subsidy payments S > 0 is sufficiently small.

For sufficiently small private benefit B > 0, the equilibrium duration of experimentation coincides
with the efficient level in the competitive financial market. As a result, the allocation of the
late-stage subsidy is irrelevant for a sufficiently small subsidy S > 0: whether it is paid to the
entrepreneur or to the financing investor, it raises the continuation surplus generated by success
by exactly S > 0. Therefore, the two policy instruments increase the equilibrium duration of

experimentation by the same amount.

It is natural to conjecture that the allocation of subsidies should be irrelevant in the competitive
financial market. However, this intuition is not always correct. As noted immediately after Lemma
[0 when the private benefit B > 0 is sufficiently large, the entrepreneur may earn excessive agency
rents in the exploitation stage. As a result, the financing investor may have too little incentive to
continue experimentation relative to the first-best benchmark. In this case, the policymaker can

alleviate this inefficiency by directing innovation subsidies primarily toward the investor.

Next, we turn to the monopolistic financial market. In the knife-edge case with B = B* given
in Proposition 3] both contracting parties’ expected marginal benefits from experimentation are
exactly equal to their respective costs at the termination time. Accordingly, for any subsidy amount,
the optimal policy assigns strictly positive subsidies to both the entrepreneur and the financing

investor so as to preserve this equality even after subsidization.

By contrast, when B # B*, this equality no longer holds at the termination time. One party
captures excessive rent and thus has strong incentives to continue experimentation, while the other
has too little incentive to do so absent subsidies. The optimal policy therefore prioritizes the side

with insufficient incentive to prolong experimentation:

Proposition 4. In the monopolistic financial market, for a given total amount of subsidy payments
S > 0 at the beginning of the exploitation stage, there exists an optimal composition of the two late-

stage subsidies, which can be characterized by the thresholds B* and B in Proposition@ as follows:

(i) (“Small B”) Suppose that the private benefit satisfies B € (0, B*). Then, if the subsidy

(HC) (B*

amount satisfies S < pH B), the policymaker pays a strictly positive subsidy only

(H‘C) (B*

to the entrepreneur. If mstead S > pH — B), the policymaker pays strictly positive
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subsidies to both the entrepreneur and the financing investor.

(ii) (“Large B”) Suppose that the private benefit satisfies B € (B*,B). Then, if the subsidy
amount satisfies S < %(B — B*), the policymaker pays a strictly positive subsidy only to
the financing investor. If instead S > %K;C)(B — B*), the policymaker pays strictly positive

subsidies to both the entrepreneur and the financing investor.

The intuition behind this result is as follows. When the private benefit satisfies B € (0, B*),
Proposition [3] shows that underexperimentation occurs because the financing investor shortens
experimentation to extract additional rents from the entrepreneur during the exploration stage.
Thus, when the policymaker grants a subsidy to the entrepreneur, it effectively shifts the investor’s
profit-maximizing exploitation utility W* to the right. This weakens the investor’s incentive to
extract additional rent and therefore increases the duration of experimentation in the most efficient
manner. Once the entrepreneur has received a sufficiently large subsidy, further increases in exper-
imentation require that both parties be compensated for their respective costs. Beyond that point,

the policymaker must provide subsidies to both the entrepreneur and the financing investor.

Conversely, when B € (B*, B), the private benefit lowers the financing investor’s maximal return
to experimentation, V(W*), and thereby causes experimentation to terminate too early. In this
case, the policymaker can lengthen experimentation by subsidizing the investor upon success. Once
the investor has received a sufficiently large subsidy, both contracting parties should be subsidized

according to their marginal contributions to experimentation.

Our theoretical analyses yield a practical guideline for the design of innovation subsidies. Specif-
ically, policymakers must exert additional care in designing such subsidies, because the effective-
ness of policy instruments depends on the underlying friction that distorts incentives for explo-
ration. In particular, when investors capture excessive rent, innovation subsidies should prioritize
entrepreneurs over investors. Conversely, when entrepreneurs capture excessive rent, innovation

subsidies should be directed more toward investors.

7 Discussion

This section discusses the broader scope of our framework and examines the robustness of our main
findings to two alternative assumptions about the principal’s commitment power. Subsection
argues that the key insights of our analysis extend beyond experimentation environments, applying
more broadly to any multistage contracting problem in which the slope of the continuation payoff
frontier shapes first-stage incentives. Subsection [7.2]examines how the principal’s ability to commit
to long-term contracts affects the optimal duration of experimentation, and shows that the impact
of limited commitment depends crucially on whether it alters the shape of the exploitation value

function.
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7.1 Role of Learning and Multistage Structure

While experimentation naturally leads to the multistage structure of the underlying project, this
structure per se does not require learning. A wide range of dynamic environments—unemployment
insurance with reemployment, monetary unions with potential breakup, multistage R&D, and or-
ganizational experimentation—share a common logic: the payoffs available in the subsequent stage
determine how we should provide incentives in the current stageF_’Z] We have formalized this by
summarizing the “available rewards” upon transition (e.g., success, reemployment, breakup, refi-
nancing) with an exploitation value function V(WS ): the principal’s maximal continuation payoff
consistent with granting the agent continuation utility W* at the moment the relationship moves
to the next stage. This provides a clear lens through which to see that the slope of this payoff

frontier—not just its level—is critical for the optimal design of first-stage incentives.

While a “technological” change—such as switching from unemployment to employment, moving
from a monetary union to an independent currency, or achieving the first of many technical
milestones—naturally shifts the payoff frontier, an analogous logic also applies in models with-
out such transitions, where the principal weighs whether to reward the agent with current utility
or continuation payoffs@ As recently discussed in |[Madsen, Williams, and Skrzypacz (2025)), sim-
ilar considerations can also arise in a static setting in which a principal chooses among multiple

instruments with which to reward a worker.

Our choice to work with a reduced-form frontier for the exploitation stage, rather than specifying
a particular continuation game leading to that frontier, has two important and related advantages.
First, as discussed above, it highlights that one can abstract from the specific continuation game
and still derive key insights from the properties of the payoff frontier; this can guide policy aimed at
fostering experimentation by focusing on how interventions shape the continuation frontier. Second,
it shows that our findings are robust to the details of the specific game being studied: the main
implications flow from the geometry of the frontier itself rather than from particular institutional

or technological features of the second stage.
7.2 Commitment
This section discusses the robustness of our main findings to two alternative assumptions about

the principal’s commitment power.

Relational Contracting. Suppose the principal cannot commit to future compensation and
must rely on the repeated nature of the relationship to motivate the agent, as in [Levin (2003).

Somewhat surprisingly, if relational contracting induces the same exploitation value function as

228ee [Hopenhayn and Nicolini| (1997) for unemployment insurance; [Fuchs and Lippil (2006) for monetary unions;
and |Green and Taylor| (2015)) and |[Moroni| (2022) for multistage R&D and organizational experimentation.

23Gee, for example, Equation (2) on page 600 in [Kocherlakotal (1996), which connects the marginal utility ratios of
agents’ current consumption to the slope of the continuation value function.
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formal contracting, it has no effect on the optimal duration of experimentation. Intuitively, under
relational contracting, premature termination can always be sustained as a continuation equilib-
rium: the agent believes the principal will make no payments regardless of performance, making
early termination credible. Hence, the principal can still extract additional rents during the explo-
ration stage through premature termination of experimentation. Therefore, relational contracting
affects the duration of experimentation only if it alters the shape of the exploitation value function,

in which case our analysis in Section [5| continues to apply.

Since relational contracting generally shifts the efficient frontier inward, as in|Levin| (2003)), it is nat-
ural to expect a shorter optimal duration of experimentation. However, as shown in Section [5] the
frontier may shift in richer ways, and relational contracting might lead to longer experimentation.
Moreover, for a fixed expected payoff from experimentation, the absence of formal enforcement
can induce firms to favor smaller, safer innovations with higher success probabilities rather than

pursuing high-risk, “moonshot” projects.

Spot Contracting. Now suppose the principal cannot commit to a long-term contract but can
credibly commit to a sequence of short-term contracts, as in [Fudenberg, Holmstrom, and Milgrom
(1990)). In this environment, limited commitment has two countervailing effects on the optimal
duration of experimentation. On the one hand, as long as the social benefit from experimentation
is positive, the principal has incentives to continue, so spot contracting may lead to longer exper-
imentation than long-term contracting. On the other hand, spot contracting reduces the overall
social benefit of experimentation, which tends to shorten the optimal duration of experimentation.
Identifying conditions under which spot contracting leads to longer versus shorter experimentation

is left for future research.

8 Conclusion

This paper examines a dynamic moral hazard problem involving an initial exploration stage fol-
lowed by an exploitation stage, which allows us to integrate the experimentation literature with
the dynamic corporate finance literature. Our findings highlight how the shape of the exploitation
value function can determine optimal contract design and overall welfare. With a downward-sloping
exploitation value function, the temporary incentive constraints must always bind, leading to addi-
tional efficiency losses from under-experimentation. In contrast, when the principal’s exploitation
value function is inverted-U-shaped, the agent’s temporary incentive compatibility constraints may
become slack during the exploration stage in the optimal contract. This relaxation may occur over
the entire exploration stage and may reduce inefficiencies from under-experimentation. Surprisingly,
even when the principal’s attainable profits are lower with an inverted-U-shaped value function,
the principal may still induce more experimentation than when she has a downward-sloping value

function.
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One fruitful extension is to consider a setting in which a bad project can succeed with strictly
positive probability. In such a model, the first success does not fully reveal the profitability of
the project, and the players’ equilibrium posterior belief about profitability continues to update
indefinitely. Therefore, solving this model is likely to involve keeping track of the equilibrium
posterior belief as an additional state variable, which considerably complicates the analysis. Fur-
thermore, there would no longer be a distinction between the exploration stage and the exploitation
stage, which is the focus of this paper. That being said, we believe that many of our qualitative
conclusions will continue to hold in this extension. We leave it for future research to verify this

conjecture.
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Appendix

A Two-Step Procedure

Step 1) First, we take a termination time 7" > 0 as exogenously given and solve for the constrained
optimal compensation scheme that induces the agent to exert effort until the given termination time
T. Formally, for each 7' > 0, the constrained optimal compensation scheme C7. solves the following

“implementation subprogram”:

T
J(T) := ( Gma;; / Aexp(—(r + )\)T)V(W’ZQ(T) + ﬁ%(T))dT. (20)
B7 W5 st. Jo
(PKG). (1)
This subprogram is evaluated under the probability measure Pg.

Since Subprogram is a standard optimal control problem, we can apply Pontryagin’s maxi-
mum principle to derive the associated optimality conditions. After adjusting for discounting and

uncertainty, we define the “present-value Lagrangian” associated with the subprogram as follows:

L WD), 5500, 1540, P 1) .
SNV VE(0) + 5(0) + 00 (V) ~ X850+ ¢) + (0 (5810 - ).

AP (1)

where pFX%(#) is the present-value multiplier associated with the promise-keeping constraint (PKG)

under the probability measure ]P’f, and u%lc(t) is the present-value multiplier associated with the

temporary incentive compatibility constraint (TIC|).

In line with the pioneering work of |Dorfman (1969)) and Pontryagin, Boltyanskii, Gamkrelidze, and
Mishchenko| (1962), we interpret the multiplier u?KG(t) as the principal’s present-value shadow cost
of delivering an additional continuation value to the agent under the probability measure PS¢ at
time ¢ < T'. Similarly, the multiplier u%lc(t) is interpreted as the principal’s present-value shadow
value of relaxing the temporary incentive compatibility constraint by one “payoff unit” at time
t < T, when the players’ expected discounted payoffs are evaluated under the probability measure

P&,

Note that the exploitation value function V' (+) is concave with respect to W (¢), and the “constraint

functions” (i.e., rW& (t) — ABE(t) + c and BE(t) — ﬁp(t)) are both linear with respect to W (t)

and ﬁ%" (t). Therefore, the following lemma characterizes necessary and sufficient conditions for the
solution to Subprogram :

Lemma A.0.1. The compensation scheme ( g*, 7@*) solves Subprogram if and only if there

exists a pair of multiplier processes (b KG™, prC™) = {pERCG (#), wHC (t) <1 satisfying the follow-
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ing conditions at all t < T :

A (V' (WE (1) + 857 @) — i85S (0)) + w1 (1) = 0. (FOC)
_02p (e WE* )88 () WK 0).u 1 1)
B aﬂ%(t)
8 PKG* .
O (e + ) - 0) (cE)
a:t’T(t wG* (1), ﬁg’;‘(/tc);ZI:KG*(t) WFIC* (1)) ruERS (1
PR 0) 0, RS 0) (W (0) - WE(0)) =0 (CSCy)
TIC* (1) TIC* G4y _ ¢ _
PR W 20, (0 - 5 r) =0 (CSCs)

where

WE(0) := /OT exp(—r7)c <17_T;r(PT()T)> dr

denotes the minimal level of the agent’s time-0 payoff under a compensation scheme, evaluated un-
der the probability measure P¢. Moreover, if the exploitation value function V'(-) is strictly concave,
the constrained optimal compensation scheme yields the unique maximum of the implementation
subprogram ([20)).

Proof of Lemma[A.0.1. We consider the following auxiliary optimization program with an exoge-

nously fixed level of the agent’s time-0 expected discounted utility:

T
J(w,T) = ,max / Aexp(—(r + )\)T)V(WT0(T) + B?(T))dT. (22)
(BF,WF) st Jo

(PKC). (1),
WE (0)=w
This program is defined for each termination time 7" > 0 and each level w of the agent’s time-0

expected discounted utility under the probability measure PS.

As the first step, we solve the auxiliary program . Since the exploitation value function V'(-)
is concave and the constraint functions are linear in 3% () and WS (t), Pontryagin’s maximum
principle gives the necessary conditions, and Mangasarian’s sufficiency theorem@ implies sufficiency.
Therefore, the compensation scheme pair (8$*, W&*) satisfying (PKG)), (TIC), and W&*(0) = w

solves Subprogram ([22) . if and only if there exists a pair of multiplier processes (/@KG ,,u%lc*) =

{8 (), ukC (t) }<r satistying ([FOC] Q). (CE), and (CSCy)) for the given pair (w,T).

As the second step, we optimize over the agent’s time-0 expected discounted payoff w. By Lemma

24Gee, for example, Theorem 6.2 in [Caputo| (2005).
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Eg(O) is the infimum of the time-0 expected discounted payoff that can be promised to the
agent, thus implying the additional constraint w > wg(o) Moreover, since the exploitation value
function V'(+) is concave and the constraint set is convex, the value function J(w,T) derived from
(22) is concave in w. Therefore, the following Kuhn-Tucker conditions are necessary and sufficient

for the optimal level w* of the agent’s time-0 expected discounted payoff:

oJ(w*,T) oJ(w*,T) 1
Toe S0 T (v -wEO) =0
By the dynamic envelope theorem we have w = ,u?KG* (0), where the multiplier is evaluated

at w = w*. Substituting this expression into the Kuhn-Tucker conditions above establishes (CSCj).
If the exploitation value function is strictly concave, then Mangasarian’s sufficiency theorem also

implies that the solution described above is unique. This completes the proof. ]

The first requirement given by is the Kuhn-Tucker first-order condition associated with the
Lagrangian . It states that for any ¢ < T, the sensitivity ﬁ% (t) of the agent’s continuation
value under the probability measure P¢ must be chosen so that the principal’s marginal benefit
from increasing ,BQQ (t) is equal to her marginal cost of doing so. As a result, the sum of the marginal
change in the principal’s value at time ¢ with respect to ﬂ:(p; (t) and the shadow value from relaxing
the temporary incentive compatibility constraint at time ¢ must be equal to the shadow cost of

delivering additional utility to the agent under the probability measure PS¢ at time t@

The requirement given by is the costate equation associated with the multiplier ug’wKG*(t). In
particular, it states that for any ¢ < T, the decrease in the principal’s shadow cost of delivering
continuation utility to the agent must be equal to the difference between the marginal change in
the principal’s value with respect to chf (t) and the discount-adjusted shadow cost of delivering

additional utility to the agent under the probability measure PS.

The complementary slackness condition associated with the time-0 multiplier ,ugKG* (0) in
asserts that the principal’s shadow value from increasing the agent’s expected discounted payoff at
time 0 under the probability measure PS must be weakly negative, and can be strictly negative
only if the principal promises the minimal time-0 expected payoff WS (0) required to incentivize

the agent under the probability measure P%.

Similarly, the complementary slackness condition associated with the time-t multiplier M%IC*(t) in
(ICSCy)) asserts that for any ¢t < T, the shadow value of relaxing the temporary incentive compati-
bility constraint at time ¢ must be weakly positive, and can be strictly positive only if the constraint

binds under the optimal contract.

25Gee, for example, Theorem 9.3 in [Caputo| (2005).

26In most papers in the continuous-time contracting literature (Sannikov, [2008; [Biais et all [2010), the optimal
contract can be obtained by minimizing the sensitivity term 8S (t) at any time prior to termination. However, this
property does not hold in our model because the intermediate breakthrough changes the payoff structure.
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The next lemma shows that it entails no loss of generality to assume that ,uPKG (0) =0:

Lemma A.0.2. Suppose that there exists an optz'mal quadruple ( ?*,Wg*,ugﬂKG*,uFC ) sat-

isfying conditions (PKG), (TIC), (FOC), (CE), (CSCi)), and (CSCi)). Then, there exzists a

pair of multiplier processes (;@KG ,ﬁ%lc ) such that 1) ~PKG*(O) = 0; and 2) the quadruple

(85, WE, [IBKG* {T1C°) satisfies conditions (PKG), (TTC), (FOQ), (CH), (CSCy), and (CSCY).

Proof of Lemma[A.0.3. Suppose that there exists an optimal quadruple (8&*, W&*, ubKG*, ,I1C%)
satisfying (PKG), (TIC), (FOQ), (CE), (CSCy), and (CSCq). Let Wz*(t) := W&*(t) + SF*(). B
(FOT) and (CT), we have
t
RS (8) = expOaE (0) = & [ exp(A(E = )V (W5 (5))ds.

pr () = AV (W (1)) + AubEe ().

Define

RS (0= = [ explA(t = )V (W (5)) s,
0

g (t) = AV (W (1)) + A (1),

Then FXS"(0) = 0, and GHC" (1) = pF " () — X exp(A\t)uFKE(0) > 0, where the inequality follows
from p 1€ (t) > 0 and pHKE7(0) < 0.

It remains only to verify complementary slackness for the temporary incentive compatibility con-
straint. If p2XG7(0) = 0, then gRC"(t) = uHC(t) for all t < T, so complementary slackness

is immediate. If x2KG7(0) < 0, then (CSCy)) implies W&*(0) = W%(0). By Lemma this
can occur only if the temporary incentive compatibility constraint binds for all ¢ < T'; that is,
G (t) = ﬁp(t) for all t <T.

Hence, 11" (t) ( BS*(t) — ﬁ() = 0 for allt < T. Thus, the quadruple (85*, W&*, pPKG™ ZTIC™)

satisfies (PKG]), (TIC), (FOC), m, and (| . This completes the proof. O

Heuristically, if uPKG*(O) < 0, then the complementary slackness condition in implies
WE*(0) = W$(0). A straightforward generalization of Lemma shows that this equality holds
if and only if the temporary incentive compatibility constraint binds at every ¢ < T'. Hence, the
multiplier on the lower bound W&*(0) > W$(0) can be normalized to zero. Thus, we may set

PKG* (0)

s = 0 without loss of generality.

Combining this normalization with Lemma we obtain the following simplified characteriza-

tion:
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Lemma A.0.3. A feasible compensation scheme (BYQ*, WIG*) solves Subprogram if and only
if, for every t <T,

—AV/(WE*(t) + BF*(t)) — /0 exp(—A(1 — £)) N2V (W™ (1) + BE*())dr > 0, (23)

I (1

with equality whenever the temporary incentive compatibility constraint is slack at time t. If V(-)

is strictly concave, the constrained optimal compensation scheme is the unique mazximizer of Sub-

program .

Proof of Lemma By Lemmas [A.0.1| and |[A.0.2] a feasible compensation scheme (8%*, W&*)

solves Subprogram ([20) if and only if there exists a pair of multiplier processes (ugﬂKG*, ,LL%IC ) =

(U 0 )y s he, o 127,

AV V) + 58 (0) = WO 0) + 57 () =0,
PKG*
auat() =2 (V/(WTG (8) + 857 (1)) — ™ (t)) S (OE) (24)

W (1) > 0, TIC*()(B “(t) - AMCP@)>=0.

The costate equation in the second line of (24]) is a linear initial value problem. Therefore, its

unique solution is

() = — [ exp(Alr— AV )+ 45 ) 2

Substituting into the first-order condition gives

pHC (1) = — AV (WE* (1) + BE*(1)) — /O exp(=A(r = )NV (WF* () + B (7)) dr

The remaining conditions are precisely non-negativity of this expression and complementary slack-

ness with respect to the temporary incentive compatibility constraint.

Conversely, suppose that the expression above is weakly positive for all ¢ < T and equals zero

whenever the temporary incentive compatibility constraint is slack. Define MPKG* (t) by and

TIC* ()

define pup by the displayed expression above. Then this multiplier pair satisfies the first-order

condition, the costate equation with MPKG* (0) = 0, and complementary slackness. Hence, the three

conditions in . ) hold. This completes the proof. O
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Step 2) The second step chooses the optimal termination time 77:

r+ A T

where J(T') is the value of the implementation subprogram . By the dynamic envelope theo-

rem T

J/(T) = exp(—(r + NT)Zp (T, WE*(T), BE*(T), uf " (T), u7'" (T))
~—
=0 (27)
= exp(—(r + N)T) [V (BF*(T) = uf5S" (1) (A85(T) - ¢) |
Here, ugKG*(T ) is the time-T' promise-keeping multiplier under the constrained optimal compen-

sation scheme that implements effort until termination time T'.

The envelope formula has a simple interpretation. Extending experimentation marginally gives the
principal an additional expected payoff )\V( % * (T)) at time T'. At the same time, it imposes the
shadow cost of delivering the agent flow utility AB$*(T') — ¢ at time T, with continuation payoffs

evaluated under P

Differentiating the objective in and using yields the first-order condition
ALV (BEH(T)) — i = ok lPKE () (ABEH (T™) — ¢), (28)

provided that T > 0. The left-hand side is the principal’s marginal benefit from experimentation
at time 7™ under observable effort. The right-hand side is the agency cost: the shadow cost of

delivering the agent the additional rent A% (T*) — ¢ upon success at time T*.

B Proofs for Sections [3

Proof for Lemma [, Fix any alternative strategy @ = {a;};>0 and any ¢ € [0,7] such that the
agent may deviate from the recommended action up to time £ A 7, and then switches back to the
recommended action afterward, i.e., a; = 1 for all t € [f AT, T]. Let 7y denote the agent’s posterior

belief at time t that 6 = G under the alternative strategy a.

For each ¢ > 0, define the agent’s time-t¢ continuation value under the deviation, conditional on

switching back to the recommended action after time ¢, by

Wi(T,a) = 1grsy (mWE‘(F, a) + (1 — &) WA(T, a)) + 1<y W2 (T, a).

2TSee, for example, Theorem 9.3 on p. 252 of |Caputo| (2005)).
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where (T—t)
1—e "7
WP, a) = —c—m—
r
is the agent’s continuation value under the recommended action, from the perspective of someone

who knows the project is bad. Also define
R tAT R
U1, a) = — / e "cigds + e T WAL (T, ).
0

By construction, UO(F, a) = Up(T', a), since both strategies coincide at time 0 and 71y = 7.

We next derive the law of motion of W;. Recall that under the recommended action, the continu-

ation values in the good and bad states satisfy

owE
ot

oW p

= rWtG — )\BtG +c, T

— ’I“WtB + C.

Moreover, Bayes’ Rule implies that under the alternative strategy a, the posterior belief evolves as
diry = —Aayfry (1 — 7)) dt

before success, and upon success the continuation value jumps to
W2(T,a) = WE(T,a) + BE.

Therefore, the jump size of W, at success is

W =Wy = B + W =W,

Applying It6’s product rule for point processes to Wt, we obtain

AW, = [ﬁt(rwf A8 4 e) + (1 — 7)) (P WE + ¢) — Nagry (1 — 7)) (WE — WB) |dt
+ (BtG + WtG — Wt—)dNt-

On the event {r > t}, we have W, = #,WC + (1 — &)W} and WE — W, = (1 — &) (WE — Wh).

Hence, before success, i.e., on the event {7 > ¢}, this simplifies to

Cth = |:TWt +c— )\ﬁ'tﬁtG - )\dtﬁt(WtG - Wt)} dt + (ﬁtG + WtG - Wt—)dNt.

= [PWi+ e+ (@ = DXRBE |db + (87 + WE = Wy-) (dN; = N di),

where the last equality follows from dN; = (dNt — A7y dt) + Aap7ry dt.
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We now apply It6’s product rule to the discounted lifetime utility process
R IAT R
U1, a) = — / e cagds + e T IWiAL (T, ).
0
Using the pre-success law of motion above, for ¢t < 7, we obtain
dU(T,a) =e " (ay — 1) (M BE — ) dt + e ™ (BE + W — Wi ) (dNy — Mgy dt).
Integrating from 0 to £ A 7 gives
R inT
Uy(T,a) = Up(T, a) +/ e (a5 — 1) (MBS — ¢) ds
0
inT R
+ / e (B + WE — W, ) (dNs — Nagirs ds).
0

Since the last term is a stopped stochastic integral with predictable integrand and is a true martin-
gale under the probability measure induced by the alternative strategy a, its expectation is zero.

Therefore,

Ea[U;(T,a)] — Up(T,a) = E, /0 ’ e (ArBY — ¢) (as — 1) ds | . (%)

We next prove sufficiency. Suppose that 3% > /\Lm for almost every ¢t < T'. Since the recommended
action is front-loaded, any past shirking makes the agent weakly more optimistic than the principal
after a history with no success, so 7z > 7y for all ¢t < T. Hence )\frtﬁtG —c> )\thG —c¢ > 0 for
almost every ¢ < T. Since a; — 1 < 0, the integrand in (*) is weakly negative almost surely, so
Es [(Aflg(F, a)] < Uo(T',a). Because the deviation @ was arbitrary, it is always optimal for the agent

to exert effort.

We finally prove necessity. Suppose instead that f& < )\%rt on a time set of positive Lebesgue

measure. Then there exist ¢ > 0 and a measurable set A C [0,7] of positive measure such that
A BY < ¢ —¢ for all t € A. By the Lebesgue density theorem, there exists a density point ¢y € A.
For a small fixed n > 0, let I,, := [to —n,to+n]N[0,T]. Then I, N A has positive Lebesgue measure
for all sufficiently small n. Since 7 is continuous and strictly positive, for sufficiently small n there
exists m, > 0 such that m; > m,, for all t € I,. Since )\thG < c—ceon A, it follows that ﬁtG < f;;
for all t € I,, N A.

Consider the alternative strategy a under which the agent shirks on I, N A and exerts effort at all
other times. If 7 is sufficiently small, then along I, the posterior 7; remains close to m; uniformly
over I, N A, and hence A\ 3¢ = AmBY + M7y — m) BE < cfor all t € I, N A. On I, N A, we

have a; — 1 = —1, so the integrand in (x) is strictly positive on I, N A and zero outside I, N A.
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Therefore, E; [Ug(F, a)] > Up(I', a), so it cannot be always optimal to exert effort. This establishes

necessity. ]

C Proofs for Section 4

Proof of Lemmal[3. We first prove Part Fix T > 0, and consider any compensation scheme
{(BE(t), WE(t)) }1<7 that satisfies both (PKG]) and (TIC). By (TIC), 8%(t) > @g(t) = 3y for

almost every t < T. Hence, based on the integral representation ,

T T
W) = / e (=) ()\BG(S) —c)ds > / e (5= (Aﬁa(s) —c)ds = WS (t)
t t
for every t < T'. Therefore,
W) = WE(t) + B9(t) > W) + B () = Wi(2)

for almost every t < T'. This proves Part

We next prove Part |(2)l By (PKG), 8t = rW%(t) — /\ﬁg(t) + ¢. Also, since @?(t) = @
the law of motion for the posterior behef 1mphes that

0 .a c On(t) c c(1 —m(t)) a

=Bt = — = —Aar()(1—w(t)) = 2 = \BC(1) —

o0 = S@E e T awael MO0 -m0) === Brplt) =<

Since W5(t) = WE(t) + ﬁ?(t) by definition, we have:

W) = o W)+ 850)] = (WD) - MG + ) + (M0 — ) = WD)

which is strictly positive for any ¢ < T' by the integral representation in ([7)) and Lemma Therefore,
%w:‘?(t) > 0 for all t < T, so W5(t) strictly increases in t. O

Proof of Lemmal[j Fix any termination time 7' > 0, and consider any feasible compensation scheme

{(BY(1), WG (7)) }r<7 satistying both (PKG)) and (TTC). By Partof Lemma we have WS (1)+
ﬁg(T) < WC(r) + B%(r) for almost every 7 < T. Since the exploitation value function V(-) is

downward sloping, it is strictly decreasing. Therefore,

V(WE(r) + B7(m) 2 V(WE(r) + 59(7))
for almost every 7 < T.

—(r+X\)1

After multiplying both sides by the positive term mgAe , integrating over 7 € [0,7], and
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subtracting the expected present value of investment cost, we obtain

™0 /OT o (rHN)T (AV(E%(T) —|—é§(7-)) _ Z) dr — (1 — mo) (1_;3—TT> i

>m0 / ' e (W WE(r) + 6(r) — i) dr — (1~ m0) <1 _f_rT> ;.

0

Thus, no feasible compensation scheme yields the principal a strictly higher expected discounted
profit than CTBinding. O

Proof of Lemmal5 We first derive alternative expressions for the contracting variables associated
with the candidate optimal compensation scheme C7., and analogous expressions associated with the
compensation scheme CEinding. Let W&*(t) denote the agent’s time-t continuation utility induced
by C7, evaluated after failure up to and including time ¢ under the probability measure P&, Also,
define $%*(t) to be the sensitivity of the agent’s time-t continuation utility induced by C; when
the payoff is evaluated under the probability measure PS. For each t < T, we have:

T
W (t) = /t exp(—(r 4+ M) (1 — t)) AW (1) — ¢)dr, BE*(t) = WO (t) — WO (1) (29)

Note that the first equality follows from the definition given in and the front-loaded nature of
the effort recommendation, whereas the second equality follows from the promise-keeping constraint

under the probability measure P¢ in (@ Arguing similarly, we obtain the following expressions for
WE(t) and gG(t):

T
W () = / exp(—(r + (7 =) WS (r) = e)dr, O =W5(t) - WEr).  (30)
t
We now show that the temporary incentive compatibility constraint is slack at time ¢t whenever
WH3(t) < W*. By the definition of W3*(t), we have:
W (t) — WO(t) = max{W* — W9(t),0}.

Since the agent’s exploitation utility W*° (t) strictly increases in time ¢ by Lemma the differ-
ence WS*(t) — W5(t) between the agent’s exploitation utilities must be weakly decreasing in time

t. Moreover, we have:

T
B9 (1) = BE (&) =(WS* (1) = WS (£)) = A / exp(—(r+ ) (7 = ) (W (r) - W5(r) ) dr

T
=W (0) - W3(0) = A [ expl(~(r+ (7 — )dr x (W (1) - wS(r) BV
t
> r
A+

(W* —W5(t)) > 0.
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for any ¢ with W9 (t) < W*. The equality in the first line follows from the difference between S&* (t)
and QG(t) in and (30), whereas the inequality in the second line follows from the fact that the
difference W9*(t) — W9(t) is weakly decreasing in time t. The inequalities in the last line follow
from the facts that (1) the integral in the second line is less than [ exp(—(r +A)(r —t))dr = -1

r4+X
and (2) W5*(t) = W* whenever W¥(t) < W*. The chain of inequalities above shows that S%*(t) >
ﬁG(t) = ﬁ(t), so the temporary incentive compatibility constraint is slack at time ¢.

It remains to show that the temporary incentive compatibility constraint binds at any time ¢
whenever W¥(t) > W*. By the definition given in (I3), W9*(t) = W9(¢). Furthermore, by
Lemma W*(r) = W9(r) for any 7 € [t,T]. Therefore, by and (30), we must have

BE(t) = BY(t) = (> Which completes the proof. O

Proof of Proposition[d Fix any termination time 7' > 0. Recall that the candidate compensation
scheme C2 is defined by W2*(t) := max{W* W2(t)} for each t < T. By Lemma |5, under the
candidate scheme, the temporary incentive compatibility constraint is either slack or binding at

each time ¢t < T'. Hence, C} is feasible.

We next show that Ci. is constrained optimal. Fix any feasible compensation scheme {(8%(¢), W% (¢)) };<r
satisfying both (PKG)) and (TIC)), and let W*°(t) := WS (¢) + 8% (t) denote the agent’s exploitation

utility upon success at time t.

Let us compare the candidate scheme with an arbitrary feasible scheme. First, suppose that
W3(t) < W* at time t. Since W* uniquely maximizes the concave exploitation value function V(-),

we have
V(W (1) = V(W*) = V(W5(1))
for every feasible exploitation utility W9 () > W5 (t) at time t.

Second, suppose that E‘;(t) > W* at time t. Then, by Part m of Lemma, |3| any feasible scheme
must satisfy WS (t) > W5(t) > W* for almost every t < T. Moreover, since V(-) is concave and

has a unique maximizer W*, it is strictly decreasing on [W*, co). Therefore,
VW (1)) = V(W3 (1) = V(W2(1)),
for every feasible exploitation utility W (t) > W3(t) at almost every t < T with W5(t) > W*.

Hence, for almost every ¢t < T and every feasible compensation scheme, V (W.2*(t)) > V(W5(t)).

(r+)\)t,

After multiplying both sides by the positive term mgAe™ integrating over ¢t € [0,7], and
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subtracting the expected present value of the investment cost, we obtain

0 /OT e~ (rt N (AV(W%*(T)) - z) dr — (1 — 7o) (1_;3_T> i
>0 /T e*V“)T(AV(WS(T)) - z) dr — (1 — ) (“fﬁ) ;.

0

Therefore, no feasible compensation scheme yields the principal a strictly higher expected dis-
counted profit than C}.. Thus, C7. is constrained optimal among all feasible compensation schemes.

Finally, the statement about slackness follows directly from Lemma [5, which completes the proof.
O

D Section [5} Duration of Experimentation

Proof of Lemma[6 We begin with Part Note that /\@?(7) —c=c <% — 1) > 0 for any
T € [t,00), because 7(7) € (0,1) for any 7 € [t,00). Therefore,

Ty

WS (1) - WS (1) = WE, (1) - WG (1) = /

- e (=Y (Aé%{ (1) — c) dr > 0,

for any triple (¢,77, Ty) with ¢t < Tp, < Tx, which completes the proof of Part

We next prove Part |(2)l By the definition of W2*(t) = max{W* W3(t)}, Part [(1)| implies that
W%*(t) < W:*Fg; (t) for every t € [0,7]. Also, the integral representations of Wg;‘(t) and Wj(-.’;*(t)
yield

Wiy (t) = WE (1)

TH TL
- / e (MW (7) — ) dr / oD (W () — ) dr

t t

TL TH
- / e O\ (Wit (r) — Wi (7)) i + /
t

e~V (AWEE () — ¢ dr.
Ty

The first integral in the last line is weakly positive because W:ﬁL*(T) < W:ﬁ; (1). Also, since
E%H(T) > 0 and Aﬁ?H(T) —c = c(% —1) > 0 for every 7 € [I1,TH], AW;;(T) —c >
)\w%q (1) + Aé%{ (1) — ¢ > 0 for every 7 € [Tr,Ty]. Hence, the second integral is also weakly
positive. Therefore, the entire expression in the last line must be weakly positive, which completes
the proof. 0
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Proof of Lemma[7. Define

B(T) := An(T)V(WEFB(T)) — i,

=
=
i

At(TYV(WFB(T)) —i — Ae(1 - 7(T)) /0 ' ATD (V) (W (4)) L{WF* (t) > W*} dt.
(32)

Verbally, B(T) represents the principal’s expected marginal benefit from experimentation at time
T in the absence of moral hazard, whereas W(T') represents her expected marginal benefit from
experimentation at time 7" in the presence of moral hazard. In particular, U(7T') takes into account
the shadow cost of agency rents, which can be obtained by evaluating the multiplier in under

Ct as follows:

UPKGH (7 = /T MDY (WR*(4)) L{WF* (t) > W*} dt. (33)
0

We first show that ¥ has a unique root. Since ubXG"(T') > 0, we have U(T) < B(T) for every T > 0.
By the characterization of the efficient duration of experimentation, B(T) is

[0, 7FB] and satisfies B(T) < 0 for every T > TFB. Therefore, U(T) < B(T) < 0 for every
T > TFB. Hence any root of ¥ must lie in [0, TF5].

strictly decreasing on

Now fix any time pair (7,7") with 0 < T < T’ < T*5. By Lemma @ the mapping 7'~ W2*(t) is
weakly increasing on [t,00) for each fixed t. Since V is concave, —V’ is weakly increasing on R,

and therefore
(V) (WRF () L{WRE () > W} > (=V) (W™ () L{WZ*(t) > W*}

for each fixed t < T'. Since eXT' =8 > MT=1) and [0, T] C [0,7"], we obtain

/

RS = [ ATV (W )L W () > W de
0

T

> [TV W @)1 (0 > W de = iF< (1),
0

Thus, the mapping T +— ME:KG*(T) is weakly increasing on [0, TF5]. Tt follows that the mapping

T+ (1 —m(T )),u?KG* (T) is weakly increasing on [0, 7F5]. Since B(T) is strictly decreasing on

[0, TFB], we conclude that ¥(T) is strictly decreasing on [0, TFB]. Since ¥(T) < 0 for all T > TF5,

the equation W(7") = 0 has at most one solution on Ry.

Next, we show that ¥ has a root. Since ¥(0) = B(0) = AmoV (WFB(0)) — i > 0 by assumption,
while ¥(T) < 0 for every T' > T¥B | continuity of ¥ implies that there exists a unique 7* € (0, TF5]
such that U(7™) = 0.
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We next show that this unique root of ¥ uniquely pins down the optimal duration of experimen-
tation. By Propositions [1| and [2] the principal’s maximal time-0 expected discounted profit from

inducing effort until time 7' can be written as

J(T) = o /0 "o (AW (1) =) dt — (1 — o) (1_6_T> i

r

where W3*(t) := max{W*, W#.(t)} is the constrained optimal compensation scheme C% that induces

the agent to exert effort until termination time 7'. Differentiating J(7') with respect to T yields

J(T) = moe” "IIVT AV (WZH(T)) — i) — (1 — mo)ie T

+moe  TAABI(T) — ¢) /O ' e MV (W (1)) 1{WZ*(t) > W*} dt, (34
for every T > 0, where the equality follows from the Leibniz rule@
Hence, direct computations show that
J(T) = e (mpe ™ + (1 — m0) ) U(T). (35)

Since the multiplicative factor on the right-hand side of is strictly positive for every T', J'(T)
and W(T') have the same sign. Therefore, J'(T') > 0 for every T' < T* and J'(T) < 0 for every
T > T*. Hence J(T) is strictly increasing on [0,7™) and strictly decreasing on (7, 00), so T™* is

the unique maximizer of J(T'). Denoting this unique maximizer by 7%, we have T™* = T™*.
Finally, since ¥(7%) = 0, the definition of ¥ implies
AT(TV(WEB(T*)) — i = he(1 — n(T*)) (b5 (1),

which is exactly . This completes the proof.

Proof. Let us first prove Theorem [1H(1)] As in the proof of Lemma (7] define
B(T) := An(T)V(WEB(T)) —i

to be the principal’s expected marginal benefit from experimentation at time 7. By Lemma [7], the

28The equation holds true even when V' is not necessarily differentiable everywhere. We only sketch the proof
here. For each fixed t < T, the map T + W3(t) is continuously differentiable, so Wi*(t) = max{W*, W3 (t)}
introduces a kink for at most one ¢t because t — wi(t) is strictly increasing. Since V' is concave, it is locally Lipschitz
and differentiable almost everywhere, so the chain rule applies almost everywhere. Then, we can apply the Lebesgue
dominated convergence theorem to interchange the order of differentiation and integration, which yields .
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optimal duration of experimentation 7™ satisfies

B(T*) = Ae(1 — (T*)) =S (T7)

T* . (36)
= Ac(1 —7(T™)) /0 A0V (W () 1{WEE (t) > W dt > 0,

where the second equality follows from , and the strict inequality follows from the facts that

V' < 0 almost everywhere on [0, 00) and W* = 0 for a downward sloping V.

Recall that the efficient duration of experimentation 752

is uniquely characterized by the optimality
condition B(T¥P) = 0. Since B(T) > 0 on [0,T7FP) and B(T) < 0 on (T*5,00), we must have

T < TFB,

Next, let us prove Theorem Suppose that V is inverted U-shaped with W* >
Lemmal[7]

¢
A (TFB)*

B(T*) = (1 — w(T*)) uF¥S*(1%) > 0.
Since B(T) > 0 on [0,TF8) and B(T) < 0 on (T¥, 00), we must have T* < TF5.

Now, suppose, to the contrary, that 7% < TF5. By Lemma the mapping ¢t — E% (t) is

strictly increasing, and hence

S S *\ c c *

for all t € [0,7*]. Therefore, W2z (t) = W* for all ¢ € [0,T*]. It follows that:
T* y
PG () = /0 AT =0V (W (1)) 1{WE (t) > W} dt = 0.

Substituting this into Lemma yields B(T*) = 0. This contradicts the fact that 757 is the unique
root of B. Hence T* = TF5,

Conversely, suppose that T* = TFB. By part V' cannot be downward sloping. Hence V' must
be inverted U-shaped. It remains to show that W* > W. Suppose, to the contrary, that
wW* < ﬁ. Since w;FB (TFB) = WFB) > W*, the continuity of ¢ E;FB (t) implies
that there exists ¢ > 0 such that W55 (t) > W* for all t € (TFP — ¢, TFB]. Since Wois(t) =
max{W* W5 5(t)}, it follows that Wﬁ;‘iB (t) > W* for all t € (TF'B — ¢, T¥B]. Therefore, because
V' < 0 almost everywhere on (WW*, 00), ,u?lég*(TF B) > 0. Applying Lemma [7| at T* = T*B then
yields B(TFP) = Ac(1 — W(TFB»/J,,?II,S%*(TFB) > 0, which is impossible because B(T*?) = 0 by

construction. This contradiction completes the proof. O
Proof of Lemma[8 As in in the proof of Lemma (7] for any exploitation value function V,
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define

T
Uy (T) == Ar(T)V(WEB(T)) —i = Ae(1—7(T)) /0 MO (VY (W () LW (1) > Wi b dt

=y (T)

to be the principal’s expected marginal benefit from experimentation at time 7" in the presence of

moral hazard.

Let us establish part Since Vy = V{ everywhere on R and V5(0) > V;(0), the two exploitation
value functions V7 and V5 have the same maximizer: Wi = Wy. Hence, for each termination time

T, the constrained optimal compensation schemes under both exploitation value functions coincide.
Therefore, ,u‘P/lKG(T) = M‘P;QKG (T) for all T. Thus, for every T,

Wy, (T) = Wy, (T) = M (T) (Va(WHP(T)) = Vi(WTB(T))) = Mn(T) (Va(0) — Vi (0)) > 0,

where the first equality follows from the fact that the two multipliers coincide, the second equality
follows from the assumption that Vi = V] everywhere on R, and the strict inequality follows from
the assumption V2(0) > V1(0).

Let T} denote the optimal duration of experimentation under Vi, which is the unique root of
Uy, (T'). Evaluating at T' = T} gives

Wy, (T7) = Wy, (T7) — Uy (T7) > 0.

By arguing similarly as in the proof of Lemma Wy, is strictly decreasing on [0, T4 B] and satisfies
Uy, (T) < 0forall T > T B, where T4 P denotes the efficient duration under V5. Since Wy, (T}) > 0,
we must have T} < T4B. Since Ty is the unique root of Wy,, we have Ty € [0, 74 B]. Therefore,
the strict monotonicity of Wy, on [0, 74 8] implies that T} < Tj.

Let us establish part We first compare the maximizers of the two exploitation value functions
V1 and V5, which we denote by W and Wy, respectively. If W = 0, then trivially W3 > W{. If
W > 0, then concavity implies that the first-order condition V{(W;) = 0 must hold, so V4 (W7) >
V{(W7) = 0. Hence V5 is still increasing at W', which implies that W5 > Wi Therefore, regardless
of whether W7 = 0 or not, Wy > W7

Fix any termination time 7" > 0. For each ¢ € {1,2}, define the “active set” A;(T) :={t € [0,T]:
WE(t) > Wi}, on which the temporary incentive compatibility constraints (TIC) bind under
the exploitation value function V;. Since W5 > W7, we have Ay(T) C A;i(T). Moreover, both
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constrained optimal compensation schemes coincide with W3.(t) for any t € Ay(T). Therefore,
RSy = [ QT (i) d
Az(T)
<[ ATV wEe) d
As(T)

< / N0 (VI (WE(1)) dt = pPKG(T),
A(T)

where the first inequality follows from the hypothesis that V/ < VJ everywhere on R, and the
second inequality follows from the facts that As(T) C Ay (T) and —V{(W5(t)) > 0 on Ay(T).

Since V1(0) = V5(0) and V{(w) < Vj(w) for all w > 0, integration yields Va(w) > Vj(w) for all
w > 0. Let WEB(T) := max{W}, #(T)} denote the first-best exploitation utility under V;. Since
W3 > Wy, we have WiB(T) > WEB(T). Moreover, because V3 is increasing on [0, W3], it follows
that Va(WIB(T)) > Vo(WEB(T)). Combining this with Va(w) > Vj(w) for all w > 0, we obtain
Vo(WEB(T)) > Vi(W{EB(T)). Therefore, for every T,

Uy, (T) =W, (T) = An(T) (Vo (W3 P(T)) = Vi(Wi P (T))) =Ae(1=(T)) (uiy(T) — mi (1)) > 0.

-~

>0 <0
Evaluating at T" = T} gives
Uy, (T7) > Uy, (T7) = 0.
By arguing exactly as in the last part of the proof of part we must have Ty > T7. O

Proof of Theorem[3. Fix any downward-sloping exploitation value function Vp, and let T7, de-
note its optimal duration of experimentation with moral hazard. Since Vp is downward sloping,
its maximizer is W} = 0. Hence the first-best exploitation utility associated with Vp satisfies

WgB(t) = ﬁ(t) for every t > 0. Let W} := WgB(TL*D) = ﬁTg)‘

For a sufficiently small € > 0, define an exploitation value function V; by

ww—e it 0 <w < Wy,
Vi(w) = Wi
Vp(w) — € if w>Wy.

Verbally, the value function V; is obtained by first linearly interpolating between the two points
(0,0) and (W}, Vp(W;)) on [0, W], then continuing with Vp on [W},00), and finally shifting the

entire function downward by e > 0.

We first show that V is inverted U-shaped. Since Vp is downward sloping, the argument in the
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proof of Theorem implies that the multiplier under Vp is strictly positive at T7},. Hence, by
Lemma [7}

T, i
W%%WWﬁMWWWAe“”H@WWWW%WW%DWMwO

In particular, Vp(W;) > 0. Therefore, the slope of V7 on [0, W}] is VDV(VVKF )
I
decreases on [W}, 00) because Vp is downward sloping. Hence V; attains its unique maximum at

Wi > 0 and thus is inverted U-shaped.

> 0, whereas Vj strictly

Next, we show that V7 is strictly dominated by Vp on Ry . For w > W7y, this is immediate from
the construction: Vi(w) = Vp(w) — e < Vp(w). Now fix any w € [0, W}]. Since Vp is concave,
its graph lies weakly above the line segment joining (0,Vp(0)) and (W}, Vp(W7)). Therefore,
Vp(w) > WL;VD(W}‘) + (1 - Wl;)VD(O). Since Vp(0) > 0, this implies Vp(w) > Wl;VD(WI*) >
Wi;VD(WI*) —e=Vi(w). Thus Vi(w) < Vp(w) for every w € [0, W}], and hence for every w € R;.

Finally, we show that V7 induces a strictly longer optimal duration of experimentation than Vp when
€ > 0 s chosen sufficiently small. Choose € > 0 sufficiently small so that A (T7) (Vp(Wj)—€)—i > 0.
Observe that W} = = ESB (T},). Since the mapping t +— E%B (t) is strictly increasing
on [0,T})] by Lemma ((2)} it follows that E%B (t) < Wf for all t < Tj,. Therefore, under the
constrained optimal compensation scheme that induces the agent to exert effort until 77, the

multiplier associated with the promise-keeping constraint vanishes at 77:

TB )
L AT (V) (max{WH(t), Wi ) H{WE (1) > Wi} dt = 0.

Following the notation used in the proof of Lemma [7] we can compute the principal’s expected

marginal benefit from experimentation at time 77, in the presence of moral hazard as follows:

U, (Th)
T} .
=T (TH)VIWT) — i — Ae(1 — 7 (Th)) /0 AT (V) (max{W3(t), Wi D L{WE(t) > W} dt

=0
A (TH) (Vo (WF) =€) —i > 0.

Recall also that W; has a unique root 77, is strictly decreasing on [0,T IF B], and satisfies ¥ (T') < 0
for all T > TFE| where TFP denotes the efficient duration under V;. Since W (T7%,) > 0, we must
have T3, < TFB. Because ¥;(TF) = 0 and VU is strictly decreasing on [0, 77P], it follows that
T} > Ty, This proves the claim. ]
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E Applications

The next lemma provides an explicit expression of the principal’s exploitation value function V'(-)

and her profit-maximizing continuation utility W*:

Lemma E.0.1. The principal’s exploitation value function is:

pH<R—£>—1 APy if W < 2B

V(W) = 2r, pu B (37)
:b* :I*
paR—1-W, ifW > P2

Moreover, the principal’s profit-maximizing exploitation utility W* = %.

Proof of Lemma[E 0.1 The principal solves the following optimization problem:

V(W) = R—WI—wl—1
(W) b207wr1213>§€[071]{pH( M —wl -1},

subject to:
prI > prI + BI (IC),

W = (w+pub)I  (PK).

Substituting the promise-keeping constraint into the principal’s objective yields:
pu(R—b) —wl—I=(pgR—1)I —W.

Since W is taken as given at the beginning of the exploitation stage, the principal’s goal is to

maximize I subject to the contractual constraints.

Suppose that W < %. In order to maximize the investment amount, the principal must set the
fixed wage w* = 0 to the minimal level satisfying the limited liability constraint, and the bonus
b* = A%D to be the minimal level satisfying the incentive compatibility constraint. Solving for
I* from the promise-keeping constraint gives [* = pfl—’]’gW, and plugging into the the principal’s
objective function yields the first case of V(W) in ({37)).

Now, suppose instead that W > %. Under this assumption, the principal can invest the maximal
amount (I = 1) by promising the minimal bonus b* = A%J and adjusting the fixed wage to satisfy
the promise-keeping constraint. The resulting exploitation profit is py R — 1 — W, as in the second

case in (37)). O
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Proof of Lemma[9 Let us first establish T¢ > TM. Suppose, to the contrary, that 7¢ < TM.
Suppose that in the competitive financial market, an investor deviates by offering the same con-
tract '™ as in the monopolistic market, together with an upfront wage equal to the monopolistic
investor’s expected discounted profit minus an arbitrarily small € > 0. Since investors compete
to finance the project a la Bertrand in the competitive financial market, they must make a zero
expected discounted profit in equilibrium. Thus, if the entrepreneur finds it optimal to accept this
deviating offer, this must be a profitable deviation, which contradicts optimality on the equilibrium
path.

Hence, it remains to show that the entrepreneur finds it optimal to accept this deviating offer.
Since investors make zero expected discounted profit in the competitive financial market, all of
the surplus generated from the contractual relationship must accrue to the entrepreneur. Let TEf
denote the efficient duration of experimentation without moral hazard in both stages, that is, the

duration that maximizes the expected discounted total surplus given by:
T T
S(T) =mp / e~ (Tt [)\(pHR —1) — (i + c)}dt — (1 —mp) / e " (i +c)dt.
0 0
Hence, the first-order condition implies that the efficient duration T™f is characterized by
AT (prR - 1) =i+ c, (38)

and S(T) is strictly increasing on [0, 7%%) and strictly decreasing on (T, 00).

In contrast, the benchmark TF?5 used in the earlier analysis is defined by removing moral hazard
only in the exploration stage while keeping the exploitation value function fixed. In the present

application, this means that 7% is characterized by

Ar(TFB) (pHR— 1 —max{pgf, )\W(JC“FB)}> =i (39)

Hence, TFB < TEf. Also, by Theorem |1}, the monopolistic financial market cannot induce overex-
perimentation relative to the benchmark, so 7™ < TFB. In sum, we have T™ < TEf Therefore,
if T¢ < TM | then the strict monotonicity of S(T') on [0, T*#] implies S(T¢) < S(TM). Hence, the
entrepreneur’s expected discounted payoff from accepting the equilibrium contract T'C is S (T C),
whereas his expected discounted payoff from accepting the deviating offer is S(T™) — . For suffi-
ciently small € > 0, the entrepreneur strictly prefers the deviating offer, which yields a contradiction.
Thus, 7¢ > TM,

Let us proceed to the second part of the lemma. Suppose that B < B := 1%5 . W. Then,
TEff

e so the two optimality conditions coincide at T = TTf. Therefore, TF'B =

C
Ap Nr(TFF)
whenever B < B. As shown above, this implies TF2 = TEf Hence, it suffices to show that there
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exists an incentive compatible contract under which the investor breaks even and recommends

experimentation until TEf,

Consider a contract T'g under which the investor recommends the agent to exert effort until 75,
promises him the minimal incentive-compatible exploitation utility W upon success at time
t < TP and terminates the project if no success arrives until 7%, Since % < W, the
promised exploitation utility is high enough to implement the efficient level of investment in the

exploitation stage.

Under this contract, the financing investor makes the following expected discounted profit:

T /OTEH exp(—(r + A\)t) ()\V( (TEH)) _ z) dt — (1 — 70) <1 — expga—rTEff)> i
TEf .
= /0 exp(—rt) (1 — 7o + mo exp(—At)) <)\7r(t) (pHR -1- W) - z) dt
TEff

> /0 exp(—rt) (1 — 7o + mo exp(—At)) (AW(TEH) (puR—1) —c— z) dt =0,

where the equality in the second line follows from Bayes’ rule and Lemma, and the inequality
follows from the fact that 7(t) > 7(T*) for all ¢t < T*% together with the equation above.

Modify the contract above so that the financing investor pays a fixed wage of II*f at time 0 upfront,
and implements the contract I'g afterward. By construction, this modified contract is implementable
because it satisfies the limited liability constraint and the temporary incentive compatibility con-
straint throughout the exploration stage. Moreover, the financing investor breaks even under this
modified contract. Therefore, the competitive financial market can implement T"%. Since S(T) is
maximized at TP, it follows that 7€ = TP = T7FB,

Finally, since B < B implies 2 Hf < W, Theorem implies that the monopolistic financial

market induces underexperimentation: T™ < TFB_ This completes the proof. ]

Proof of Proposition[3. Let us begin with Part As in the proof of Lemma [9] let S(T") denote
the expected discounted total surplus from experimenting until time 7', and let TFf denote the

unique solution to
M (TP (pyR — 1) =i+ c. (40)

Fix any private benefit B € [0, B]. For each horizon T > 0, let

U(T;B) = /OT e~ (1 — mo + moe M) <)\7T(t) max {pgf Wt )} = c) dt

denote the entrepreneur’s minimal expected discounted utility among contracts that incentivize
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him to exert effort until time 7". Since the initial fixed wage can transfer any residual surplus to
the entrepreneur, the duration of experimentation 7T is implementable in the competitive financial

market if and only if
IT;B):=S(T)—-U(T;B) >0,

where II(T; B) represents the maximal principal’s expected discounted profit from a contract that
induces effort until time 7" and implements efficient exploitation. If the inequality holds, the
investor can implement the continuation plan above and transfer the residual surplus to the agent
through the fixed wage; if it fails, then even the entrepreneur’s minimal feasible payoff exceeds total
surplus, so no investor is willing to finance the project. Hence, no incentive compatible contract can
induce the agent to exert effort until termination time 7" while satisfying the investor’s participation

constraint at the same time.
We first show that U(T'; B) is weakly increasing in T'. For any time pair 77, Ty with 0 < Tp, < Ty,
U(Ty; B) —U(TL; B)
_ /OTL e~ (1 — o + moe M) A (t) (max {ZZH]?? W%H (t)} — max {prB7W§“L (t)}) dt

T puB
+/ e "1 —mo+ 7roe_’\t) ()m(t) max {,W%{ (t)} - c> dt.
Tr Ap

By Lemma @ the map T — W3(t) is weakly increasing for each fixed ¢, so the first integral is
weakly positive. Also, max {%,E‘%H (t)} > E%H (t) = E%H (t) + #(t), so the second integral is
also weakly positive. This proves that U(7T; B) is weakly increasing in 7'

We next show that the equilibrium duration of experimentation in the competitive financial market
satisfies TC(B) < TP, Suppose, to the contrary, that T¢(B) > TP, We first show that the
entrepreneur would find it optimal to accept a deviating offer that implements T, Since S(T')
strictly decreases on (T, 00), we have S(T*) > S(T(B)). Hence, if an investor offers a contract

TEff

that implements and transfers an initial fixed wage slightly below the entire surplus S(T%),

the entrepreneur strictly prefers the deviating offer.

It remains to show that the deviation is profitable for the investor. Since the investor must find it
weakly optimal to offer a contract that induces T (B), we must have II(T“(B); B) > 0. Also, S(T)
is strictly decreasing on (T*%, 00), so S(T™) > S(TY(B)). Since U(T; B) is weakly increasing in
T, U(T®; B) <U(T®(B); B). Combining these two inequalities yields

I(T™; B) = I(TC(B); B) = [S(T™) = S(TY(B))] + [U(T“(B); B) = U(T""; B)] > 0.

Choose € € (O,min{H(TEH;B), S(TEH) — S(TC(B))}) . Consider the following contract: the in-

vestor initially pays a fixed wage of S(T° Eﬁ) — ¢ and implements the constrained optimal compen-
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sation scheme that induces the entrepreneur to exert effort until time 7F%. Under this contract,
the investor earns strictly positive profit, while the entrepreneur receives an expected discounted
payoff strictly greater than S(7(B)). By contrast, in any equilibrium induced by the competitive
financial market, all investors must engage in Bertrand competition to finance the entrepreneur, so
they must break even in expectation. Hence, it is profitable for an investor to deviate by offering

this alternative contract, which contradicts optimality in equilibrium.

Now, we are ready to prove monotonicity of the duration of experimentation 7¢(B) in B. To this
end, we show that the equilibrium duration satisfies T¢(B) = max{T € [0, 7] : S(T) > U(T; B)}.
Suppose, to the contrary, that T¢(B) > max{T € [0,T™] : S(T) > U(T;B)}. Then, either
S(TY(B)) < U(TY(B); B) or TY(B) > T, 1f S(TY(B)) < U(TC(B); B), then the investor’s
participation constraint is violated, which is an immediate contradiction. If T¢(B) > T*f, this
contradicts the conclusion that T¢(B) < TP established above. Hence, T¢(B) < max{T ¢
[0, T*%] . S(T) > U(T; B)}.

Now, suppose, to the contrary, that T¢(B) < max{T € [0,T*] : S(T) > U(T; B)}. Then there
exists T > T¢(B) such that 7' € [0, T*] and II(T; B) := S(T) — U(T; B) > 0. Let T™(B) denote
the optimal duration of experimentation in the monopolistic financial market. As shown in the proof
of Lemma EL II(T; B) strictly increases in T on [0, 7™ (B)] and strictly decreases on [T™(B), o).
Since TM(B) < T(B) by Lemma@ it follows that: (i) if II(T; B) > 0, we may simply set T := T
and (ii) if II(T; B) = 0, there exists a time 7' € (T°(B), T') such that II(T; B) > 0. Hence, in either
case, there exists some T € (T°(B), T™] such that II(T; B) > 0.

Since T > T¢(B) and T < TP and since S(-) is strictly increasing on [0, T*%], we have S(T) >
S(T°(B)). Choose € > 0 small enough so that 0 < ¢ < min{II(T; B), S(T) — S(T°(B))}. Then an
investor can profitably deviate by offering a contract that implements T, leaves the entrepreneur
an expected discounted payoff of S (T) — ¢, and yields the investor a strictly positive profit € > 0.
The entrepreneur strictly prefers this deviating offer to the equilibrium contract, which contradicts
equilibrium. Hence, T¢(B) = max{T € [0,T"] : S(T) > U(T; B)}. Since the set {T € [0, T*"] :
S(T) > U(T; B)} shrinks as B increases, its maximum 7(B) must necessarily decrease in B.
Hence, the equilibrium duration of experimentation is weakly decreasing in B in the competitive

financial market.

Finally, we show that no experimentation occurs once B > B = ﬁ—[f <pHR— 1-— A#o) Since

I1(0; B) = 0, positive experimentation is feasible if and only if

OII(T; B)
oT

B A ;
:A7r0<pHR—1—pH>—z‘>0<:>B<p(pHR—1_Z>:B
Ap PH )\71'0

T=0

Therefore, no experimentation occurs once B > B. This proves Part
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We next consider the monopolistic financial market. By Lemmas [7] and [E.0.] the equilibrium
duration 7™ (B) is the unique root of

U(T; B) := Mr(T) R —1— max @ _c —i—Ae(1—m(T)) /T MNT-01 ) s (1) > puB dt.
o o Ap " An(T) 0 - Ap
Moreover, by Theorem [l| and the comparison TFB < TP we have TM(B) < TP for every

B € [0, B].

We first show that T (B) is weakly increasing in B on [0, B*]. Fix any B < B*. We claim
that % < WE;M( B) (TM(B)). That is, the temporary incentive compatibility constraint is slack
at termination time 7™ (B) under the optimal contract. Suppose, to the contrary, that p—gf >
M _
Woar((TY(B)) = sepfrmyy-
this would imply that the floor is slack throughout the exploration stage. Hence, the “shadow-cost”
term in W (7™ (B); B) vanishes, and the optimality condition ¥ (7™ (B); B) = 0 can be re-written

as:

Since the mapping t — W3\(t) is strictly increasing by Lemma (2)

(T (B)) (p R—1—p§f> —i=0.

Moreover, by construction, we have

Ar(TET) (pHR— 1— ’”ZB ) —i=0.

Since B < B* by hypothesis, the last two equations imply that 7 (B) must lie strictly to the right

of T¥# | contradicting T (B) < TP, This proves that pHB < WTM(B) (TM(B)).

Now, fix any pair 0 < By < By < B*, and let Wy := % and W3 = %. Since W5 <
E‘;M(BQ)(TM(BQ)), we also have W7 < W5 < E*;M(BQ)(TM(BQ)). Hence, when the termination
time is set to 7' = T™(By), the temporary incentive compatibility constraint is slack at termination
time for both By and Bs, so

Cc

Aw(TM(BQ»} = max {W N (T(By) } = (T (By)

max {Wl*,

Thus, the marginal-benefit terms in W(T™ (By); By) and W(T™(By); By) coincide with each other.
On the other hand, since W{* < Wy, the shadow-cost term is weakly larger under B; than under
By when the termination time is set to 7' = T (By):

(B . ou B T (B2) M(g.y_ pu Bo
/(; 6)\(T (BQ) t)]-{Wg’]\/I(BQ)(t) > Ap }dtZ/O CA(T (32) t)]_{W;Al(BQ)(t) > Ap }dt

Therefore, we must have W(TM(By); By) < W(TM(By); By) = 0. Since ¥(T; By) is strictly de-
creasing in T, its unique root must satisfy T (B;) < TM(By), implying that TM(B) is weakly
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increasing in B on [0, B*|.

Next, we show that T (B) is strictly decreasing in B on [B*, B]. For any B € [B*, B] and any
T < T we must have % > #(T), so the floor is slack throughout the exploration stage. Hence,
the marginal profit function ¥(7'; B) can be simplified as

B .
U(T; B) = \(T) <pHR —1- pgp) —
for any B € [B*,B] and any T < T*#. Since the marginal profit function strictly decreases in B

on [B*, B], its root T™(B) must also strictly decrease in B on [B*, B]. Combining the two parts

proves Part O

Proof of Lemma[I0. We first consider the monopolistic financial market. Let II(T) denote the
monopolistic investor’s expected discounted profit from implementing termination time 7 in the

absence of subsidies. Under an early-stage subsidy sg > 0, the investor solves

max II(T) + sg.

T>0
Since sg is independent of the duration of experimentation 7', the equilibrium duration under the
early-stage subsidy is the same as that in the unsubsidized economy. Under a late-stage subsidy

sy, > 0 paid upon success, the investor solves

max I(T) + st o

A - (1— VT,

Hence, a late-stage subsidy increases the marginal return from extending experimentation. There-
fore, the late-stage subsidy weakly increases the equilibrium duration relative to the unsubsidized
economy, whereas the early-stage subsidy does not change it. Hence, for a given equilibrium ex-
pected present value of subsidy payments, the late-stage subsidy weakly lengthens experimentation

more than the early-stage subsidy in the monopolistic market.

We next consider the competitive financial market. Since investors engage in Bertrand competition,
they break even in equilibrium, so the entrepreneur receives the entire expected discounted surplus
generated by the relationship. Hence, under an early-stage subsidy sg > 0, the equilibrium duration

of experimentation Tg solves

max |S(T) + sg

.t II(T > 0.
nax S ( )—l—SE_

Under a late-stage subsidy sy, > 0 paid upon success, the equilibrium duration of experimentation

62



C
T} solves

max S(T) + s mo (1- e_(’"+>‘)T) s.t. INT) + sg mo (1- e_(r+’\)T) > 0.

r+ A r+A

We wish to show that for a given expected present value of subsidy payments sg = sy, WOH%\(l —

wa)

e , the late-stage subsidy increases the duration of experimentation more than the early-

stage subsidy:
TS <TC.

Suppose, to the contrary, that Tg > TLC . We first show that the investor earns a strictly positive
expected discounted profit by implementing Tg:
I(TE) + sz, 7m0

(1— e HNTEY > T(TS) + 51, 70 (1— e VY = TI(TS) + 55 > 0,

r+ A r+A

where the first inequality follows from the assumption that Tg > T, the equality in the middle
follows from the hypothesis sp = s, WOT%\ (1 — e~ (rHNTE ), and the last inequality follows from the

investor’s participation constraint under the early-stage subsidy.

Second, we wish to show that by switching from T g to T<, the investor can strictly increase the
expected discounted surplus without violating the participation constraint. The arguments given
in Lemma [7| show that TI(-) strictly increases on [0, TM] and strictly decreases on (T, 00). Also,
the principal expects to make zero profit from not engaging in any experimentation: I1(0) = 0.
Therefore, when coupled with T° g > TLC , since T' g is implementable under the early-stage subsidy
(ie., I(TS) + sp > 0), T¢ is implementable under the early-stage subsidy (i.e., I(TY) + s > 0).

Therefore, we have:

S(TS) + sz, mo (1- e_(”)‘)Tg)

r+ A

A
- eV = S(TF) + s

>S(TE) + s = S(TE) + 51,70

>S(TS) + sp, mo

1 e—(r+)\)TLC )
T+ A ( )
Here, the first inequality follows from the assumption that T g > T and the second inequality
follows from the hypothesis that Tg maximizes the social surplus function under the early-stage

subsidy and the fact that TLC is implementable under the early-stage subsidy. The two equalities

follow from the hypothesis that sp = s 7o fr‘ X (1 — e~ (r+NTY ) The chain of inequalities contradicts

the optimality of Tf under the late-stage subsidy, which completes the proof. ]

Proof of Lemma|11] To avoid confusion with the notation for the social-surplus function S, we shall
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write K > 0 for the total subsidy amount in this proof. For each K > 0, define the after-subsidy

social surplus function

S(T;K) :=mo /OT o ()t {)\(pHR -1+ K)—(G+ c)}dt — (1 —mo) /OT e (i + ¢) dt,

whose maximizer TP (K) is uniquely characterized by with S replaced by K.

We first consider the case in which the subsidy K is granted to the financing investor at the
beginning of the exploitation stage. By virtually the same arguments as in Lemma |§| (with pgR—1
replaced by pyR — 1 + K), the investor can implement T (K) while promising the entrepreneur

the exploitation utility W upon success until termination time TEH(K ), and can still obtain

K)
a weakly positive expected discounted profit. Thus, TEH(K ) satisfies the investor’s participation

constraint when the financing investor receives the subsidy.

We next consider the case in which the same subsidy amount K is granted to the entrepreneur at the

ey K

as K tends to 0, and W > %. Hence, there exists S > 0 such that, for every K €

)\W(QC:EH)
(0,9), m —-K > %. Fix any such K. If the entrepreneur receives subsidy K directly, then

the investor needs to promise only m — K through the contract in order to deliver the same

beginning of the exploitation stage. By the continuity of T (.) and 7(-), we have

total exploitation utility m
P

upon success. Since the promised utility through the contract
still exceeds X—f, the investor’s continuation payoff upon success is pg R—1+ K — m, which
is exactly the same continuation payoff as in the previous case where the investor receives the subsidy
K > 0. Hence, the investor again obtains the same weakly positive expected discounted profit from
implementing TH%(K). Thus, TP (K) also satisfies the investor’s participation constraint even

when the entrepreneur receives the subsidy.

Therefore, for every K € (0,S5), the same socially optimal duration T™%(K) is feasible under
either subsidy scheme. Since the competitive financial market maximizes social surplus subject to
the investor’s participation constraint, the equilibrium duration under either subsidy scheme must
coincide with TP (K) characterized by with S replaced by K. This completes the proof of
Part (i).

We turn our attention to Part (ii). Let sg > 0 and s; > 0 denote the subsidy to the entrepreneur
and the subsidy to the investor at the beginning of the exploitation stage, where sgp + s = K. By
definition, under subsidy composition (sg, s), the equilibrium duration in the competitive financial

market solves

(1 _ e*(T+)\)T) 2 0.

r+ A

T)+ K
mj@x{S( )+ K m T

(1 — e(T+)\)T)} s.t. II(T; B) + sy mo

Observe that the total expected discounted surplus under total subsidy amount K depends only

on the total subsidy amount K, not on its composition. By contrast, the investor’s participation
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constraint is relaxed most when the entire subsidy is allocated to the investor.

By Proposition |3 the equilibrium duration of experimentation in the competitive market in the
absence of subsidies decreases in B on [0, B], and is equal to zero once B > B. Hence, there
exists B € (B , B) such that, for every B > B , the equilibrium duration of experimentation in the
competitive market satisfies T¢ < T,

Fix any B > B. Since T < TEf | the investor must obtain a strictly negative expected discounted
profit in the absence of subsidies when implementing TF — i.e., H(TEH;B) < 0. Hence, by
continuity at T = T, there exists K (B) > 0 such that

I(T*; B) + g

- A L1 - e N | < 0 (41)

for every K € (0,K(B)). Therefore, for every sufficiently small K > 0, even when the entire

TEff

subsidy is allocated to the investor, the duration remains infeasible. A fortiori, under every

composition (sg, s7), the equilibrium duration must lie in [0, 7Ff).

Suppose, to the contrary, that the policymaker can induce a strictly longer duration of experimen-
tation by assigning a strictly positive subsidy to the entrepreneur. That is, there exists sg € (0, K]
such that when the entrepreneur receives sp and the investor receives K — sg at the beginning
of the exploitation stage, the equilibrium duration of experimentation is strictly higher than when
the investor receives K at the beginning of the exploitation stage. Let Tg denote the equilibrium
duration of experimentation when the entrepreneur receives sg and the investor receives K — sg
at the beginning of the exploitation stage, and let TIC denote the equilibrium duration of experi-
mentation when the investor receives the entire K at the beginning of the exploitation stage. By

hypothesis, TIC < Tg. Therefore, we must have:

(1— e~ UVTE) > T(TE; B) + 51 mo — e MVTEY > g

I(TS; B) + K m ,

r+ A 7“+)\(1

where the first inequality follows from s; = K — sg < K, and the second inequality follows from
the fact that Tg satisfies the investor’s participation constraint when the entrepreneur receives sg
and the investor receives K — s at the beginning of the exploitation stage. Hence, Tg satisfies the

investor’s participation constraint even when the investor receives the entire subsidy.

Since the entire subsidy amount K > 0 is assumed to be sufficiently small, both durations TIC
TEF because TEH violates the participation constraint by .
Moreover, for every fixed K > 0, the after-subsidy social surplus function S(7') + K WON%\(I —

and Tg must be strictly less than

e_(T’L)‘)T) strictly increases in T on [0, TPf]. To see this, note that its derivative is

e ™ (1 — mo + moe ) [)\W(T)(])HR —1+K)—c— z}
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Since 7(T) is strictly decreasing in T', we have 7(T) > w(T™) for every T € [0, T*f]. Also, by the
definition of T the derivative above is strictly positive on [0,T Eff], so the after-subsidy social
surplus function is strictly increasing on [0, 7T EH] as well. Hence, even when the investor receives
the entire subsidy, the duration T° g is feasible and yields a strictly higher objective value than TIC ,
because T IC <T g < THf . Therefore, this contradicts the optimality of T IC . Hence, the hypothesis
T IC <T g must be false, which completes the proof. O

Proof of Proposition [ Fix a total amount of late-stage subsidies S > 0, and let (sg, sy) denote
the subsidy composition, where sg > 0 represents the subsidy to the entrepreneur, s; > 0, the

subsidy to the investor, and sg + sy = S.

We first rewrite the monopolistic investor’s problem under subsidy composition (sg,sy). Let 1%
denote the entrepreneur’s total utility upon success after subsidy. Under composition (sg,sr),
the post-subsidy exploitation frontier is V(W) = V(W — sg) + s;, whose unique maximizer is
attained at W* = % + sg. Thus, for a fixed total subsidy amount S, changing the subsidy
composition shifts the location of the maximizer of the post-subsidy exploitation frontier, while the
total surplus upon success becomes pgR — 1 4+ S. Moreover, if the entrepreneur receives subsidy
sg at the beginning of the exploitation stage, then the entrepreneur’s total utility upon success is
his contractual exploitation utility plus sg. Therefore, the profit-maximizing exploitation utility
after subsidization becomes W* = M +sp=HRL (B + Apg E) . Accordingly, define the “effective

private benefit” by B:=B + s E. In the downward—slopmg part of the post-subsidy exploitation
frontier, the subsidy comp051t10n affects this part of the frontier only through the location of its

maximizer W*, or equivalently through B.

Now define B*(S) := %. By the same argument as in Proposition |3 applied to the

downward sloping part of the post-subsidy exploitation frontier, the monopolistic equilibrium du-

ration is weakly increasing in B as long as W <5 or equivalently B<B *(S), and strictly

(TEH(S))’
decreases once W* > m, or equivalently B > B*(S).

We now prove Part (i). Suppose that B € (0, B*). Since B*ES) = B*+ p;@fc) S, the duration of
experimentation is increasing in the effective private benefit B up to B*(S). If the entire subsidy is
allocated to the entrepreneur, then B=B+ %S. The effective private benefit B remains weakly
below B*(S) if Elfld only if S < %H;C)(B* — B), as stated in thePrOpOSition. Since the duration
is increasing in B over the relevant region, it is optimal to make B as large as possible. Hence, it

is optimal for the policymaker to pay a subsidy only to the entrepreneur.

Next, suppose that S > pH(K’_C) (B* — B). Then, since the duration increases up to B*(S) and

29Note that I Bis not _a sufficient statistic for the entire post-subsidy exploitation frontier. In particular, the lower
branch of V( ) V(W — sg) + sr still depends on the orlglnal private benefit B. However, on the relevant upper
branch W > W* the post-subsidy exploitation frontier is V(W) =pgR—-14+5-W,
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decreases afterward, the optimal composition is the one that makes B = B*(S), which requires
paying the entrepreneur sj, = 2 (&:C) (B* — B). Since S > L ’i(i;c) (B* — B), the investor must
receive s} = S — s, > 0 at the beginning of the exploitation stage. Therefore, the policymaker

pays strictly positive subsidies to both the entrepreneur and the financing investor.

The proof of Part (ii) is analogous to that of Part (i). Suppose that B € (B*,B). Since the
duration of experimentation is increasing in B up to B*(S) and decreases afterward, and since
B > B*, the policymaker now wishes to make the effective private benefit as small as possible, but
not below B*(S). If the entire subsidy is allocated to the investor, then sg = 0 and hence B=B.
This remains weakly above B*(S) if and only if S < Z%;C)(B — B*). In this case, the duration is
maximized by minimizing B, which is achieved by setting s, = 0, s7 = S. Hence, the policymaker

pays a strictly positive subsidy only to the financing investor.

Next, suppose that S > 2L (Z+C) (B — B*). Then, since the duration is maximized at B*(S), the opti-
mal composition is the one that induces B = B*(S), which is equivalent to paying the entrepreneur
s = p}i(g;c) (B — B*). Since S > p’i(:;) (B — B*), the investor must receive s§ = S — s}, > 0 at
the beginning of the exploitation stage. Therefore, the policymaker pays strictly positive subsidies

to both the entrepreneur and the financing investor. This completes the proof. O



F Potential Success Without Effort

Thus far, we have assumed that the project can succeed at time t only if the agent exerts effort
at time t. In Online Appendix, we analyze a setting in which the project can potentially succeed
even without the agent’s effort. More specifically, the time-t instantaneous success rate is given
by (A — Ax + Aja(t)) x 1yy—gy with A > A — Ay > 0. Thus, if Nature chooses a good project
(i.e., @ = G), (1) success rates under the two action choices (i.e., A and A — A)) are both weakly
positive; (2) effort strictly increases the success rate of the project (Ay > 0). Therefore, the model

considered up to this point is a special case of this one with A = Aj.

In the current subsection, we instead assume that the agent’s effort increases the success rate by
Ay < A, so that the project may succeed even if the agent does not exert effort. Thus, even in
the absence of learning (i.e., mp = 1), the agent can enjoy a moral hazard rent prior to termination
due to the unobservability of effort. As shown later in Lemma , this implies that the agent’s
exploitation utility induced by binding temporary incentive compatibility constraints is not neces-

sarily monotone in time, which makes it more challenging to derive the optimal contract.

In this model, the time-t temporary incentive compatibility constraint (TIC|) must be modified as

follows:

) 2 Apr(t)

for almost every t < T.

F.0.1 Compensation Scheme With Binding Temporary Incentive Constraints

Let us first characterize the benchmark compensation scheme induced by binding temporary in-
centive compatibility constraints. As in Equation , for each termination time 7" > 0, let
C?inding = {(ﬁg(t),ﬂg (t))}t<r denote the compensation scheme in which temporary incentive
compatibility constraints always bind in the exploration stage. The next lemma characterizes the
time trajectory of the exploitation utility induced by the compensation scheme C?inding:

Lemma 12. Under the compensation scheme Cfindmg, there exists 7 € [0,T) such that the ex-
ploitation utility wg(t) initially strictly increases in time over [0,7), and strictly decreases in time
over [1,T]. Moreover, for any e > 0, there exists a Ay € (0,\) such that for all Ay € (Ay,\), the

exploitation utility E%(t) initially strictly increases in time over [0,T — €.



Proof of Lemma[13 Taking partial differentiation of Ef with respect to time yields:

ows  ow¢ 9B

R e e G N G
5 5 + 5 — Wi B, +c+ Tt ) ) X NCOE
~~ —_—
o A o B AN _of (42)
Tt

A—A
:TW?< A)\)‘>C,

where the last equality follows from direct computations. Also, we have:

wé .= /tT exp(—r (7 —t))()\ <A;Tt> —C)dT,
:C<A)\A> <17—Tt7rt> (1—exp(—£r_—)\/\)(T—t))> +C<)\;AAA> <1—exp(—rr(T—t))>7

where the equality in the second line also follows from direct computations. After plugging in the

explicit expression for th gi;/en in into the last line of and rearranging its terms as

necessary, we can see that B%t is positive if and only if:

(DI (D) (L) (S0

S
Since the left hand side is strictly decreasing in ¢ over the entire real line, the derivative O%t
exp((r—=A)(T—t))—1

N approaches

switches its sign at most once. In addition, as ¢t — T, the first term <

zero, so the left side of the expression above becomes strictly negative. This implies that for any ¢

S
8%t is strictly negative. This completes the first part of the

sufficiently close to T, the derivative

statement.

Moreover, for a given € > 0, whenever A} is sufficiently close to A, the expression in (44)) is strictly
S
positive, which is equivalent to the fact that the derivative a%* must be strictly positive at t = T'—e.
S
Also, since the expression in (44)) strictly decreases in t, the derivative 8%t must be strictly positive

at any t € [0,7 — €], which completes the proof. O

Since 7 € [0,T), the exploitation utility W5 () must eventually decrease in time. Therefore, the

compensation scheme CTBinding generates one of the following paths: 1) the exploitation utility
E&?(t) initially strictly increases in time up to 7, and strictly decreases in time afterward; 2) the

exploitation utility W5(t) strictly decreases in time.

To better understand the intuition behind Lemma let us decompose the time-t exploitation



utility W3 (¢) under the compensation scheme Cp "8 (¢) as follows:

WE(t) == AMCT(LL) + /tT exp(—r(r — 1)) (X (W) —c)dr
_ A;T(t) i (A AAAX) (1 - exp(rr(T - t)))j
——

Static Agency Cost Intertemporal Agency Cost

) ()

Informational Agency Cost

where the second equality follows from direct computations.

In the terminology of Bergemann and Hege| (1998)), the static agency cost refers to the agent’s
minimal continuation value upon success if the players interact for an infinitesimally short time.
This cost increases in the timing of success. Intuitively, both players become more pessimistic as
the project keeps failing, so the principal may need to raise the exploitation utility over time in

order to compensate the agent for the lower likelihood of success.

The intertemporal agency cost is the expectation of the agent’s all future rents from the possibility
of success, when the players have common knowledge about the profitability of the project. This
cost decreases in the timing of success. When A > A, the agent enjoys a moral hazard rent at
each time from the possibility of success even without exerting effort. Thus, as the time left until

termination diminishes, so does the expectation of the agent’s future rents as well.

Finally, the informational agency cost is the agent’s expected information rent from any potential
divergence in the players’ beliefs. This cost is generally non-monotonic in the timing of success.
Intuitively, when the players’ beliefs m(¢) and 7 (¢) are sufficiently close to 1, they update slowly
with respect to time. Therefore, at such times, the agent gains little from creating a difference in
the two players’ beliefs. Also, when there is little time left until termination, the probability of
eventual success also becomes small, so the agent’s expected future gain from any discrepancy in

beliefs must approach zero.

F.0.2 Case 1) Model With Downward Sloping V(-)

For each termination time T' > 0, we study the constrained optimal compensation scheme when the
principal’s exploitation value function is assumed to be downward sloping. The following analog of
Lemma [4] holds true when A > A, {7

Lemma 13. If the principal’s exploitation value function is downward sloping, for each termina-

tion time T > 0, the compensation scheme ijmdmg with binding temporary incentive compatibility

39We prove both Lemmataand at the same time because the proof of the two Lemmata are effectively identical.



constraints is constrained optimal.

By assumption, the principal’s exploitation profit increases in the agent’s exploitation utility. More-
over, a straightforward generalization of Lemma shows that the compensation scheme C?mdmg
induces the minimal exploitation utility required to incentivize the agent throughout the exploration
stage. In turn, for a given termination time 7' > 0, it is constrained optimal for the principal to
implement the compensation scheme C?inding.

F.0.3 Case 2) Model With Inverted U-shaped V(-)

As illustrated in Lemma the exploitation utility Eg(t) induced by binding temporary incentive
compatibility constraints is not necessarily monotone in time. Therefore, we use an alternative way
to derive the constrained optimal compensation scheme for a given termination time 7" > 0. In par-
ticular, for each termination time 1" > 0, we construct three candidates for the constrained optimal

compensation scheme, and show that one of the candidates must be constrained optimal.

First Candidate Under the first candidate CTYP® L(t) for the constrained optimal compensation
scheme, the principal always promises the exploitation utility of W* to the agent, if the project
succeeds prior to termination time 7" > 0. Since W* is the unique maximizer of V(-), no compen-
sation scheme can deliver a strictly higher time-0 payoff to the principal than this first candidate
CType (1), Hence, CT¥P¢ 1(¢) must be a constrained optimal compensation scheme if and only if it

satisfies the temporary incentive compatibility constraint at every ¢ < 7T

Second Candidate In our analysis of the model with A\ = A, we modified the compensation
scheme C?inding(t) with binding temporary incentive compatibility constraints so that the time-0 ex-
ploitation utility W@g * > W* under the constrained optimal compensation scheme. The next lemma
suggests that in the model with A > Ay, we need to make similar adjustments to the compensation
scheme C?inding (t) to obtain a candidate constrained optimal compensation scheme:

Lemma 14. In any constrained optimal compensation scheme, V/(WOS*) < 0. If the temporary

incentive compatibility constraint is slack at time 0 (i.e., ,uOTIC* =0), V’(Wég*) =0.

Proof of Lemma[Ij Fix any compensation scheme associated for a given termination time 7" > 0.
Let us show that puf%G" > 0 for all ¢t < T. Since HOPKG* = 0 by the co-state equation (CE)), it
remains to show that p! KG* \eakly increases over time. By Proposition m ufKG* must be
differentiable in time ¢. Also, the Kuhn-Tucker optimality conditions in Proposition yields

&UFKG* PKG* 117G G TIC*
Tl — )‘(Mt _V(Wt*+5t*)) = Mt > 0
&8
at any t < T. Therefore, u! KG* \weakly increases over time.



By the Kuhn-Tucker first-order condition, we have:

A (RS =V 50 =
(FOC)

By hypothesis, uf'“* = 0 whenever the temporary incentive compatibility constraint is slack at

time ¢t. Thus, for any such ¢, we must have V/(W,*) = ul®S* which was already shown to be

non-negative. This completes the proof. ]

To better understand Lemma suppose, to the contrary, that V' (qu*) < 0 in the optimal
contract. If the principal raises the agent’s exploitation utility at time 0, she can obtain a higher
exploitation profit at time 0. This would slacken the temporary incentive constraint at time 0, and
would have no effect on temporary incentive constraints in the future. Hence, since this contract

is improvable, this contradicts the optimality hypothesis.

By Lemma we consider a compensation scheme C;ype 2(1&) in which the agent earns the following

time-t exploitation utility:

5 W*ift <t
Wi (t) := o (46)
Wa(t) if t > ¢,

where t denotes the first time at which the exploitation utility ws (t) > W* under the original
compensation scheme CTBinding (if the exploitation utility W5(t) < W*, set t = o). By arguing
similarly as in Lemma [5], it is straightforward to see that the temporary incentive compatibility

constraint is slack prior to £ and binds afterwards.

Third Candidate It is also possible that the first candidate C;ype ' (¢) may fail to satisfy the

incentive compatible constraint, and the second candidate C;ype 2 (t) is suboptimal. To see why,

suppose that (a) the continuation plan {W#(t)};<r in the exploitation stage induced by C¥*° 2 (t)
is strictly decreasing over time as in Panel (a) of Figure |7} (b) the principal’s exploitation value
function V() increases steeply over [0, W*] and decreases gradually over [W*, co) with W3 (t) <

W* < W§, as in Panel (b) of Figure

Under these assumptions, it is not incentive compatible for the agent to exert effort under the first
candidate ngpe ' (¢). By Lemma it is straightforward to show that the agent’s exploitation
utility under any compensation scheme must exceed E@g . However, since the agent only earns
W (< Eg ) upon success at time 0, it cannot be sequentially rational for the agent to exert effort
at time 0. Therefore, the first candidate C;ype ! (t) cannot be a constrained optimal compensation

scheme.

Moreover, the compensation scheme C;ype 2 (t) is suboptimal. By hypothesis, the principal’s ex-
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Figure 7: Case Where Neither C17P ! (¢) nor €17 ? (t) is Constrained Optimal

ploitation value function increases steeply over [0, W*] and decreases gradually over [W*, co). Thus,

as shown in Panel (b) of Figure [7| the principal’s exploitation profit can become very low near the

termination time T under the compensation scheme ngpe 2 (t). Therefore, the principal can in-
stead modify the compensation scheme C;pr e 2 (t) so that the temporary incentive compatibility

constraint binds in the earlier part of the exploration stage, and is slack in the later part of the
exploration stage. By doing so, the principal bears a relatively small cost from promising the agent
an additional exploitation utility in the earlier part of the exploration stage, and reduces the cost

in the later part of the exploration stage.

This case suggests that the principal can potentially benefit from further slackening the temporary
incentive compatibility constraints. The next lemma shows that the temporary incentive com-
patibility constraint can be slack only if the principal can weakly gain from delivering additional

exploitation utility to the agent:



Lemma 15. In any optimal contract, V'(W2*(t)) > 0 for any time t at which the temporary

mcentive compatibility constraint is slack.

Proof of Lemma[I5 Fix any optimal contract and the compensation scheme associated with it. By

the Kuhn-Tucker first-order condition, we have:

A (WFSE" = V(W + 5E))

By hypothesis, MZHC* = (0 whenever the temporary incentive compatibility constraint is slack at

time ¢. Thus, for any such ¢, we must have V/(W,*) = uPKS* which was already shown to be

non-negative. This completes the proof. ]

To see why Lemma [15| holds, suppose, to the contrary, that the temporary incentive compatibility
constraint is slack at some ¢ with V/(W2*(¢)) < 0 under the optimal compensation scheme. If the
principal reduces the time-t exploitation utility Wrﬁ* (t) by € > 0, the agent still has a sufficient
incentive to exert effort at time ¢. Furthermore, the agent becomes more motivated to exert effort
prior to time ¢ because reducing the time-t exploitation utility makes it less attractive for the agent
to wait until time ¢. Therefore, all the temporary incentive compatibility constraints are satisfied
under this modified compensation scheme. However, the compensation scheme makes the principal
strictly better off without violating the incentive compatibility condition, which contradicts the

optimality hypothesis.

In the next proposition, we construct a constrained optimal compensation scheme for the case in

which neither the compensation scheme C;¥*° " (t) nor C17P°? (t) is constrained optimal:

Proposition 5. Suppose that (a) the principal’s exploitation value function is inverted U-shaped,

and (b) neither the compensation scheme ngpe T (t) nor ngpe “(t) is a constrained optimal com-

pensation scheme. Then, there exists a constrained optimal compensation scheme C:,Typ ¢d (t) such

that for some time pair (t,t) with 0 <t <t < T, the temporary incentive compatibility constraint

binds over [t,t] and is slack in [0,t) U (¢, T]. Furthermore, there exists a wgaer € (m, W*) such

that in the constrained optimal compensation scheme ngpe J (t), the agent’s exploitation utility

Wf?*(t) = Wglgek for all t € [t,T].

Proof of Proposition[5. Let us outline the proof of Proposition[5} In Steps 1 and 2, we construct

a family of compensation schemes indexed by the agent’s exploitation utility wgger € (ﬁ, WH).

For each compensation scheme, there exists some time ¢ after which the agent’s exploitation utility

_c

stays constant at wgger € (A)\WT

, W*). Moreover, the temporary incentive compatibility constraint

must be slack whenever ¢ € (£,7], and binds at t € (£ — ¢,%) for some € > 0. In particular, for

C
Aymr

each wgpger € ( ,W*), we establish the existence of a unique t satisfying the requirements



above. In Step 2, we describe the continuation plan in the exploitation stage associated with each
compensation scheme, and indeed show that the temporary incentive compatibility is satisfied at
each t <T. Next, in Step 3, we show that under this family of compensation schemes, the agent’s
exploitation utility must continue to weakly decrease over time once it started decreasing. In Step
4, we rely on the property derived in Step 3 to select a particular compensation scheme as a
candidate solution. In Step 5, we establish the optimality of our candidate solution based on the
sufficient and necessary condition described in Proposition

Step 1) For each wgqer € [x5—, W*], there exists a unique time #(wgqer) > 0 such that:

AM’T

a) there exists € > 0 such that wgger — (1_eXp(_£f‘J\r)(T_t))> (Awgiger — ) < A,\Cm for infinitely many
te Iz(wslack) - €7f(wslack)]~

_ —(\ _
b) Wslack — <1 xp i_:)—\r)(T t))> ()‘wslack ) > NY for all t € [ (wslack) T}
Furthermore, the mapping ¢ : | WH = [0,T ] that sends wgeer to the unique time satisfying

A)JTT

the conditions above is differentiable and decreasing on [55—, W*] with t( ) =0

Define an auxiliary function:

1—exp(—()\+7“)(T—t))> (Mostock — €) — c

h(t, wslack) ‘= Wslack — < r+ A Az '

Let us first establish uniqueness. Suppose, to the contrary, that there exists a pair (¢1, t2) with 1 <
t9 satisfying the properties in Step 1. Then, there exists a small € > 0 such that h(ta—e, wgger) < 0,
which contradicts the fact that h(te — €, wgqer) > 0 by the first property in Step 1 for time ¢;.

We proceed by establishing the existence of t(wgqek). By construction, h(T, wsjgek) = Wsiack —

A/\Cﬂ'T > 0. Also, since the compensation scheme ngpe ! is also not constrained optimal, there must
exist a time ¢ at which the inequality in the next line holds true, so that the compensation scheme

Type 1 . . . .
CType is not incentive compatible:

0w (1—exp(—()\+r)(T—t))> W — gy — =&

r+ A ATt
1 —exp(—(A+r)(T
r+ A

(47)

- t))> (/\wslack - C) - = h(t’ wSlaCk)

>Wslack —
ZWslac, A)ﬂrt

AM1—exp(—(A+r)(T—t
e COSnT0))

, W*], the set {t : h(t, wsiqcr) < 0} is non-empty with an upper

where the inequality in the second line follows from the fact that wgecr < W* and (
1. Hence, for a fixed wgjaer € [x5= vl

bound T It is straightforward to check that the supremum of this set satisfies both properties (a)
and (b) required in Step 1.

Let ¢(-) denote the function that sends wgger € (557> W7 to the supremum of the set {¢ :
h(t, wsiaer) < 0}. We wish to prove that the function #(-) is differentiable. Since the function



h(t, wsiaek) is continuous in both arguments, assuming h(t(wsiaek), Wsiack) 7 0 leads to an im-

mediate contradiction to the fact that t(wgqaer) = sup{t : h(t, wsiaer) < 0}, so we must have

h(t(wsiack ), Wsiaek) = 0. Furthermore, suppose, to the contrary, that ah(i(wmg;)’w“”“’“) = 0. Direct

computations show that

th@(wslack): wslack) _ g ah(%(wslack% wslack)
ot? ot ot

0 1—-nf\ Ac
- a(ey;p(—()\ + T‘)(T — t))(Awslack - C) - < 7TtP > K) ‘t:f(wslack)
—

=exp(At) 1;;’0

ot

~
=0 by hypothesis

_ <ah(t(wslack)a wslaCk)> +rexp(—(A+7r)(T —t)) (Awsigex —c) >0
—

>0 " Wslack Zﬁ

7 21 (F —
Therefore, since ah(t(wsmg;)’ws’“’“) =0 and 2 h(t(wsg§§)’w31a0k) > 0, t(wgaer) must be a local min-

imizer of h(:, wgqer) for a fixed wger. However, since t(wgiger) is the supremum of the set
{t : h(t,wgaex) < 0}, for every e > 0, there exists ¢ € [t — ¢,] such that h(f, wseer) < 0 =
h(t(wsiack ), Wsiack ), which contradicts the fact that ¢(wsyqcr) must be a local minimizer of h(-, wgaer)

6h E stac sstac
((w‘laltc)wl k) 75 0 fOI" any Wgack c [A;WT7W*]‘

Thus, we may apply the implicit function theorem to prove that t(-) is a differentiable func-

for a fixed wgyqer. Therefore, we must have

C
Axmr?

tion in its domain |

Oh(T, 5= _
( aAt”T) = (’\ka> ¢ > 0, which implies that (%) =T.

Amr

W*]. Furthermore, direct computations yield h(T, x7-) = 0 and

c
A7 <

wy < wg < W*. Then, by the continuity of h(-,-) in both arguments, h(f(w2),ws) = 0. Moreover,

Let us show that the mapping ¢(-) is a strictly decreasing function. Fix any wi, wy with

since the function h(t,w) strictly increases in w, we must have h(t(wz),w;) < 0. Hence, for any
t in a sufficiently small neighborhood of #(ws), h(t,w1) < 0 by the continuity of h(-,-) in both
arguments. Then, by the construction of ¢(-), we must have t(w;) > ¢(wz).. This completes the
proof of Step 1.

_c
Aymr

Step 2) For each wgqer € | , W*], we construct a candidate for the optimal continuation plan
{W (Wglack) <7 in the exploitation stage as follows. Then, for each t € [0, 7], define:

(a) For any t € [t(wsiack), T, set Wts(wslack) = Walack-

(b) For any t < t(wsaek), construct W% (wgqex) so that the temporary incentive compatibility

constraint binds at ¢ :

- c z(U)slac/c) Is _ ~
Wts(wslack) = Ao, —i—/t exp(—r(T —1t))(A <A)\7T > — c)dr + exp(—r(t(wsiack) — t))WI;(;,

=Wwg

where WZG )= ff:(rwszack) exp(—(r + A) (7 — t(wsiack ) ) ) (AWgacr — €)dT is the agent’s time-t(wgqek )

(wsluck

10



continuation value under the probability measure P¢. By construction, the exploitation utility
process {Wts (Wslack) }t<T satisfies the temporary incentive compatibility constraint at any ¢ <7
(c) If W§ < W*, then define:

W*ift < E(wslack)a
Wts(wslack) = ~ (48)
Wts if t > t(wslack)a

where t(wgqck) denotes the first time at which the exploitation utility Wts > W* under the original
compensation scheme C?inding (with t(wgger) == 0 if qu > W* ). An argument similar to the proof
of Lemma [5| shows that the exploitation utility process {W,” (Wslack) }t<T satisfies the temporary

incentive compatibility constraint at any ¢ < T

S ~ _
Step 3) We claim that for each wgqcr, € (A)\Cﬂ’T , W), if w > < 0 for some t € [t(wgack), L(Wsiack )],

aWS slac. iy
then W < 0 for all ¢ € [t, t(wsiack)]-
Suppose, to the contrary, that there exists wgjqer € (ﬁ, W*) such that
OW S (Waiack) OW S (Waiack)
t slack <0< t slack
ot t=t1 - ot t=ts

for some pair (¢1,t2) with t; < to. It entails no loss of generality to assume that ty is the first

. S S
time at which W becomes weakly positive after time ¢;. Therefore, W < 0 for all
t € (t1,t2). Furthermore, for all t € [t(wgaek ), E(Wsiack)], define W (waaek) := Wi (Wsiack) — Afm

to be the agent’s equilibrium continuation value after failure up to time ¢, evaluated from the

perspective of somebody who knows the project is good. Since Afm strictly increases in ¢ on

[t(Walack ), E(Waiack )], the fact that the exploitation utility W, (wgjqer) is strictly decreasing on [ty, to]

implies that W (wyeer) must be strictly decreasing on [ty, ta).

The same set of computations as in yield:

aWts(wslack) _ rWtG(w . k;) - (A — A)\> ¢

ot Ay

— S S
for all ¢ € [t(wsiack), t(Wsiack)]. Since W <0< W by hypothesis, we must
t=t1 t=to
have Wg(wslack) < (%) < Wg(wslack) by the computation above. However, this contradicts

the fact that W strictly decreases on [t1, 5], which completes the proof of Step 3.

Step 4) For each wgqer € [ﬁ, W*], we also define the candidate multiplier pair associated with

11



the solution as follows:

exp(=AE(Wstack) — V' (Watack) + [ exp(=A(r — £)) AV (WS (watacer) ) dr
MfKG(wSlaCk> = if t < %(wslack)
V/(wslack> if t > %(wslack)

H?Ic (wslack) = _)\V/(Wts (wslack)) + >\/~LtPKG (wslack) ift <T.
(49)

Let us show the existence of a w3, .. € (Aw ,W*) such that pf®(

Wiaer) = 0. In particular, we
first prove that pf™¢(W*) < 0 and pf%%(z% —) > 0 and apply the intermediate value theorem to
establish the existence of our desired w;, ;. Then, we select {W° (w?,,..) t<T as our candidate for

the constrained optimal continuation plan in the exploitation stage.

Let us show that the continuation plan W;*(W*) > W* in the exploitation stage at all ¢+ < T.
Suppose, to the contrary that WES(W*) < W* for some ¢ < T. Since W (W*) = W* for all
t > #(W*) by definition, £ < #(W*). Since W= (W*) = W* and WES(W*) < W*, the mean-

W)
~ S * ~ ~ =
value theorem implies that there exists ¢ such that BWtaigW) _ > 0 for some t € [t,t(W*)],
t=t

L(W) > 0 for all t € [t(W*),#(W*)] by Step 3. However, this is

absurd. If ¢((W*) = 0, then the strict monotonicity of W;%(W*) on [t(W*),#(W*)] implies that
WE(W*) < W* for all [t(W*),#(W*)], which contradicts the definition of ¢(W*). Alternatively,
if ¢(W*) > 0, W?W*)(W*) = Wf? A (W*) = W*. However, this is impossible because W;*(TW*)
strictly increases in t on [t(W*),Z(W*)]. Hence, W5 (W*) > W* at all t < T.

which in turn implies that

-

Furthermore, W;°(W*) > W* for a positive duration of time by the hypothesis that the first can-
didate C;ype ! for the constrained optimal compensation scheme is not implementable. Therefore,
V(WS (W*)) is weakly negative at all t+ < T and strictly negative for a positive duration of time,
which implies that

H(Wsiack)
1 W) = exp(=AME(wstack) — 1))V (W*) + /t exp(—A( — ) AV (W2 (W*))dr < 0.

PKG c
(A)\TI'T

Let us show that 1, ) > 0. Observe that {W;° (a77) hi<r is the exploitation utility process

induced by the second candidate C;ype % for the constrained optimal compensation scheme. Define:

Cc

M = AV (WS (

) - /0 exp(—A( — A2V (WS (S ))dr,

A,\WT Axmr

which is the “hypothetical multiplier process” induced by the second candidate C;ype 2 for the

constrained optimal compensation scheme. Since C;ype 2 is assumed to be suboptimal, Proposition
implies that there must exist some ¢; € [0,7] such that M1’ < 0.

12



As an intermediate step, we provide a “stage-diagrammatic” argument to show that M ¢ < 0 for
all t € (t1,T]. Suppose, to the contrary that there exists to € (1,7 such that Mgm > 0. We may
assume without loss of generality that to is the first such time after ¢;. Partially differentiating M;

with respect to time yields:

oM[I1c g, C 8WtS(A;7rT)

o "
ot AV, (AWT) ot

+ AMIC.

We wish to show that

© <Oforallt e (t1,t2) to derive a contradiction. Observe that V" (-) <0
ws WS
by concavity. Furthermore, let us show that W <0 for all t € (t1,t2). If M >0

€—) is weakly 1ncreasing in
T

were to hold true for some t' € (t1,t), Step 3 would imply W/ (5
t over [0,#], which in turn implies that W;° > W* for all [0,#]. Therefore, V'(W;%) < 0 for all
[0,%']. Hence, the definition of Mg;l ¢ implies that it must be weakly positive, which contradicts our
OWS (5=
hypothesis that it is strictly negative. Therefore, % < 0 for all ¢ € (t1,t2). Finally, since
TIC
to is the first time such that ME;IC > 0 after ¢, ME;IC < 0 for all ¢ € (t1,t2). Hence, —— < 0

for all t € (tl,tg).

TIC
Mat < 0 for all t € (t1,t2), MLIC is strictly

negative by the mean-value theorem. However, this contradicts our hypothesis that Mglc > 0,
which shows that MI1¢ < 0 for all ¢ € (t;,T]. Hence, MA'¢ < 0, which implies:

However, since MTIC is strictly negative and

T
)—l—/o exp(=AT)AV! (W5 ( ))d7'> 0. (50)

— TIC
,—MT

PO 5) = exp(-AT) (v’<

Aymr AA?T T

Hence, MPKG(A;FT) > 0, and K¢ (W*) < 0. By construction, uf %% (wsqer) is continuous with re-
spect to wgiqer- Hence, the intermediate value theorem implies that there exists w¥, . € (5=, W")

such that pd®%(w?,, ) = 0.

A)JTT

Step 5) By Proposition 3| it suffices to show that u] 7% (w ack) = 0forallt € [0,T]. Suppose, to
the contrary, that there exists ¢1 € [0, #(w?,.;)] such that pf7¢(w?, ) < 0. Under this hypothesis,

almost exactly the same “stage-diagrammatic” arguments used in Step 3 to show M’ ¢ <0 for

TIC

all t € (t1,T] can be carried over to show that p )(u)* ) < 0. However, this contradicts the

Z('w:lm:k slack
fact that MT(I ¢ k)(w:l wck) = 0 by the definition in , which completes the proof. O

In the constrained optimal compensation scheme in Proposition [5, the temporary incentive con-
straint binds for a positive duration of time, and becomes slack in the later part of the exploration
stage. Moreover, if the temporary incentive constraint is slack prior to time ¢ > 0 under the com-
pensation scheme, the agent’s time-t exploitation utility under the compensation scheme must be

equal to W* for any t < t.

13



The next lemma shows how the shape of the principal’s exploitation value function affects the
design of the constrained optimal compensation scheme for a given termination time 7" > 0. In
particular, when the principal finds it more costly to lower the agent’s exploitation utility (i.e.,
V(+) increases steeper over [0, W*), the temporary incentive constraint can be slack for a longer

duration of time near termination:

Proposition 6. Consider two inverted U-shaped exploitation value functions Vi, and Vo such that
1) both are mazximized at W*, 2) Vo has a strictly higher derivative than Vy on [0, W*| and the same
derivative as Vi on [W*,00), and 3) are strictly concave on Ry. Suppose that when the principal’s
exploitation value function is V1, there exists t1 > 0 such that the temporary incentive compatibility
constraint binds on [t1—e, t1] and is slack over (t1,T] in a constrained optimal compensation scheme.
Then, when the principal’s exploitation value function is Vo, the constrained optimal compensation
scheme under Vi is no longer constrained optimal, and there exists to € (0,t1) such that the tem-
porary incentive compatibility constraint is slack on [t2,T] in a constrained optimal compensation

scheme.

Proof of Proposition[6 The proof of Proposition [6] heavily relies on the construction and methods
given in the proof of Proposition [f] so it is useful to read the proof of Proposition [f] before going

over the remaining part of the proof of Proposition [6] In Step 1, we show that when the prin-

pe 1 Type 2

cipal’s exploitation value function is V5, neither the compensation scheme C;y nor Cp, is
a constrained optimal compensation scheme. This allows us to apply Proposition b to construct
the unique constrained optimal compensation scheme under V5. In Step 2, we show that the tem-
porary incentive constraint is slack on [t;, T] under the unique constrained optimal compensation

scheme under principal’s exploitation value function V; for each ¢ = 1,2,, and also that ts < ¢1.

Step 1) We claim that when the principal’s exploitation value function is V2, neither the compen-

CType 1 Type 2
T

sation scheme nor C, is a constrained optimal compensation scheme. Suppose, to the

contrary, the compensation scheme ngpe ! is constrained optimal when the principal’s exploitation

ype 1

value function is V5. Hence, the compensation scheme C;F must satisfy the incentive compatibil-

ity constraint. However, this implies that the compensation scheme ngpe ! is constrained optimal
even when the principal’s exploitation value function is V;. If this is true, then the constrained

ype 1

optimal compensation scheme under V; cannot be optimal because C; does strictly better,

which contradicts our hypothesis.

Suppose, to the contrary, the compensation scheme ngpe % is constrained optimal when the prin-
cipal’s exploitation value function is Vo. For each t < T, let WtS’Typ 2 denote the agent’s time-t
exploitation utility process associated with the compensation scheme ngpe 2 Since V4 (-) is strictly
concave, Proposition implies that the compensation scheme described in the statement of
Proposition [f] is the unique solution to the implementation subprogram. The uniqueness of the

solution implies that the compensation scheme ngpe 2 cannot be constrained optimal when prin-

14



cipal’s exploitation value function is V7, so there must exist £ > 0 such that the expression in the

first line must be strictly negative:

t
_ )\‘/ll(Wég,TyPCQ) _/ eXp(—)\(T _ {)))\ZW(WE,Type2)dT
0

i

> = AV (WTore?) — / exp(—A(r — £)) XV (W2 TvPe2) dr
0

where the inequality in the second line follows from the initial hypothesis that V{(-) is weakly

greater than VJ(-) at all points. Therefore, since the first line is strictly negative, the inequalities

above imply that the last line must be strictly negative. However, since the compensation scheme

C;I:ype % is assumed to be constrained optimal, Proposition |§| implies that the last line must be

weakly positive. This contradiction proves Step 1.

Type

1 2 . . .
YPe L nor Cr is a constrained optimal

Step 2) Since neither the compensation scheme C;F
compensation scheme under a strictly concave exploitation value function V5, there exists a unique
constrained optimal compensation scheme as described in Proposition [5| under V5. Moreover, the
proof of Proposition ] shows that both the constrained optimal compensation scheme under V7 and
the one under V5 must belong to the family of compensation schemes as described in Step 2) of
the proof of Proposition |5, In particular, there exists wj € [ﬁ, W*] such that the compensation
scheme {W® (w?})}i<r is constrained optimal under the exploitation value function V4. This implies
that when the principal’s exploitation value function is V7, the time-0 multiplier associated with
the promise-keeping constraint under the compensation scheme {W;®(w})};<r is zero, which can

be formally expressed as follows:
B t(wy) s
0 —exp(-N(IV{(wi) + [ exp(-ATINV (W (wi))dr
0
B t(wy) s
< exp(—At(wy)) V5 (wi) +/ exp(—AT)AVy (W7 (w]))dr,
0

where the strict inequality follows from the fact that 1) wj € [x5—, W"] and 2) V3(w) is weakly
greater than V{(w) for all w > 0, and strictly greater whenever w € [0, W*]. This implies that
when the principal’s exploitation value function is V5, the time-0 multiplier associated with the
promise-keeping constraint under the compensation scheme {W,%(w})}i<r is strictly higher than
zero. Moreover, by arguing analogously to Step 4 of Proposition [5], we can establish the following

inequality:

) W)
exp(—AE(w) VI (W) + /O exp(— M)AV (WS (W*))dr < 0

Therefore, by the intermediate value theorem, there must exist w} € (wj, W*) such that exp(—At(w3))Vy (w3)+
fg(w@ exp(—AT)AVY (WS (w$))dr = 0. Arguing as in Step 5 of Proposition [5| shows that the com-

pensation scheme {W;°(w})}i<7 is uniquely constrained optimal.

15



Moreover, by the definition given in Step 2 of the proof of Proposition [ for each i = 1,2, the

*

temporary incentive constraint is slack on the time interval [¢f(w]

scheme {W;® (w?)};<r. Hence, for each i = 1,2, t; = t(w}) in the statement of Proposition @ Since

), T] under the compensation

t is a strictly decreasing function by Step 1 of Proposition [5| and w] < w3, we must have to < ¢y,

which completes the proof.
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